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要

本文主要研究来源于通讯网络的排序(scheduling)问题。我们首先研究的是并行工
件（parallel jobs）的排序，每个并行工件可能需要一台或多台机器同时加工这个
工件。我们考虑机器之间存在的各种网络拓扑结构对排序结果的影响。具体的网
络拓扑结构可以是：完全图结构（PRAM），线（Line），网格（Mesh），超立方
体（Hypercube）等等。若干机器可以同时加工一个工件仅当这些机器构成的生
成子网络是连通的。也就是说，仅当机器间存在通讯路径时才能够共同工作。并
行工件需要一台或多台机器来加工。这些机器必须满足工件所要求的数目和拓扑
结构。除了机器之间具有网络拓扑结构之外，我们对工件的各种不同的在线到达
模式进行分类和研究，如工件按先后序到达（on dependencies），工件按释放时
间到达（over time），工件按列表逐个到达（over list）。我们的目标是对给定的工
件集合进行排序以满足各种约束条件并使某种目标值最优化。常见的的目标函数
有极小化最大完工时间（minimize the makespan）或者是最大化输出量 (maximize
the throughput)。

我们对这些排序问题提出了相应的在线算法，并采用国际上通用的算法评价标准
竞争比（competitive ratio）来衡量、分析给出的算法。通过研究 “坏的” 实例，
我们给出各种问题的下界（lower bound）。从各种模型的分析来看，不同的网络
拓扑结构和工件的不同在线到达模式均对最后的排序结果产生重要的影响。本文
对每个具体问题如何设计有效算法进行了深入的研究，从而达到对已有算法的重
要改进和对新问题提出高性能的算法。同时我们还研究，事先获得工件的部分信
息对算法的影响。对于并行工件的排序问题，我们还研究了几个离线模型，即工
件的所有信息都已知。我们或者证明该问题是多项式可解的或者是对 NP 难问题
给出多项式时间近似方案。

我们还研究一些经典排序问题，这里每个工件只需要一台机器来加工。我们首先
考虑的是机器总加工时间可扩展的排序问题 （scheduling with extendable working
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time problem）。每台机器有一个初始设定的正规加工时间，但机器的总加工时间
可以根据需要决定是否延长。每台机器的工作时间定义为正规加工时间和总加工
时间(真正加工时间) 之间的较大值。我们的目标是安排所有的工件，使得所有
机器工作时间的总和最小。我们分别对所有的机器都有相同的正规加工时间，和
每个机器的正规加工时间可以不相同的情况进行深入的研究。

最后，我们讨论经典排序问题中，事先获得工件的部分信息的半在线模型。我们
已知最后加工的工件的加工时间最长，并且当最后一个工件到达的时候，将被通
知这就是最后一个工件。我们分别对小数目的平行机和同类机进行了探讨。

全文共分九章。第一章介绍本文研究的问题、模型及其应用背景，以及问题之间
的分类，并简要介绍本文的工作。一些基本概念，基础知识和分析问题的工具也
在本章中介绍。第九章总结本文详细的成果以及对未来研究方向的展望。其余七
章分成两部分。第一部分由二到六章构成，主要研究并行工件的排序问题。第二
部分由第七、第八章组成，探讨一些与经典排序相关的问题。具体说明如下：

第二章详细综述并行工件在线排序的历史文献以及相关问题的研究结果。

第三章研究的问题是：在线带先后序约束 (on dependencies) 的并行工件在二维
网格上的排序问题。所有工件的加工时间为单位时间，每个并行工件需要一组在
二维子网格上的机器同时加工。工件之间存在先后序约束。一个并行工件到达并
可以开始加工当且仅当这个工件的所有前序工件都已经完工。但是，工件之间的
这种序的关系事先不知道。这意味着，不同策略的安排将可能导致不同的工件到
达顺序。我们研究的目标是极小化最大完工时间。我们设计了一个有效的在线算
法，其竞争比不超过 5.25。 同时我们也证明了，任何在线算法的竞争比都不可
能小于 3.859。这个结果改进了原有的下界 3.25 和上界 46/7。 另外，当并行工
件可以旋转 90 度的情况。我们证明了这个问题的上界最多为 4.25， 同时也证明
了，不存在在线算法其竞争比小于 3.535。
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第四章讨论并行工件列表在线 (over list) 的排序问题。并行工件的到达顺序已事
先安排好在一个列表中。但是，安排者并不知道这个已经安排好的顺序，也不知
道到底有多少个工件。当且仅当当前工件已经安排好下一个工件才到达 (如果有
的话) 。工件一旦安排好之后，就不允许改动。本章讨论的问题基于机器的网络
结构是完全图结构，也就是可以忽略网络的拓扑结构，而只需要满足相应的机器
数即可。这个问题的目标仍然是极小化最大完工时间。我们给出了一个竞争比为
7 的算法，极大的改进了原先的竞争比为 12 的算法。我们进一步研究三种特殊
情况：工件按加工时间非升的顺序到达；工件按工件的尺寸（所需的机器数）非
升的顺序到达；工件的最大加工时间事先已知。对第一种情况，我们对贪婪算法
进行了分析并证明其上界最多为 2。对第二种情况，我们也对贪婪算法进行了分
析并证明这个算法的竞争比在 2.75 与 2.5 之间。对最后一种情况，贪婪算法就不
再有效，我们给出了一个算法其紧界为 4。最后，我们研究工件在加工当中允许
中断，当每个工件到达的时候，我们要决定何时开始加工该工件，是否对这个工
件中断以及每次中断的时刻，安排好之后也就不再允许修改。据我们所知，这是
第一个研究可中断并行工件列表在线排序问题的工作。 我们给出了一个竞争比
为 2－1/m 的在线算法。

第五章研究可延展的并行工件（malleable parallel job）排序问题。每个工件的加
工时间是所使用机器数的函数。每个工件加工所需的机器数事先并不固定，但在
安排的时候必须确定，而且一旦确定了，就不能再更改。机器之间的网络拓扑结
构为二维网格。我们考虑并行工件在满足单调性（monotonic）的情况下的排序。
这里单调性指的是一个工件的加工时间在机器数目减少的情况下，其加工时间不
会变短，而它的功（指的是机器数乘加工时间）不会增加。我们的目标是极小化
最大完工时间。对这个问题，当机器数目为充分大的时候我们给出一个渐近完全
多项式方案(AFPTAS)。也就是，对于任意给定的一个小量 ε ，我们给出的算法
都能在多项式时间内保证算法所得的解不超过最优解的 1 + ε 倍（加上一个常
数）。

第六章我们研究问题的目标是极大化输出量 (throughput)，即极大化完工工件的
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个数。首先我们讨论的是在超立方体上的排序问题，每个并行工件均需一个子超
立方体来同时加工。并行工件释放时间（release time）相同，但是有各自的交工
期(due date)。容易证明这个问题是 NP 难的。因此，我们讨论了单位加工时间的
情况。证明该问题是 P 问题。我们进一步讨论一个公开问题，即并行工件在两台
机上的排序问题，工件有各自的释放时间，同时每个工件的加工时间为单位时间，
其目标仍是极大化输出量。我们证明了该问题也是 P 问题。

第七章讨论机器加工时间可扩展的排序问题。给定 m 台机器以及每台机器的正
规加工时间 b1 , b2 ,L, bm 。 机器的总加工时间可以根据需要决定是否延长。每台
机器的工作时间定义为正规加工时间和总加工时间(即安排在该机器上的所有工
件的加工时间之和) 之间的较大值。工件是按列表在线到达的。目标是安排所有
的工件在给定的机器上，使得所有机器工作时间的总和最小。对于所有机器的正
规加工时间相同情况，我们研究了机器数目较少的的情况，详细深入的分析已有
算法并证明其算法具体的竞争比。对于两台机器，我们给出了竞争比为 7/6 的最
优在线算法。对于三台机器，我们给出了问题的下界 (17 + 577 ) / 36 和上界 7/6。
对于四台机器，我们给出了下界 9/8，并证明其上界不超过 19/16。接着，我们对
机器的正规加工时间不同的情况进行了研究。假设最小的正规加工时间不小于最
大的工件加工时间。对任意的 m 台机器，我们对贪婪算法进行详细的分析，并
完全刻划了其紧界与机器数 m 之间的关系。然后，我们对两和三台机器的情况，
给出了改进的算法以及问题的下界。在没有上述假设的情况下，我们对两台机器
进行了研究。最后，我们对加工工件是并行工件而且是离线的情况进行了研究，
提出了一个算法并证明其紧界是 2。

第八章我们研究经典排序问题中的半在线模型。工件是按列表在线。同时我们已
知最后加工的工件的加工时间最长，并且当最后一个工件到达的时候，将被通知
这就是最后一个工件。我们分别对小数目的同型机和同类机进行了探讨。目标是
极小化最大完工时间。对两台和三台同型机，我们给出了最优的在线算法，其竞
争比分别为 2 和 3/2。接着，我们研究了两台同类机问题，对每个工件一台机
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器的加工速度为 1，另一台的加工速度为 1/s，我们分别就不同的速率 s 给出竞争
比分析，并证明了对于大部分 s，所给的算法都是最优的列表半在线算法。最后，
我们对这个问题的另外一个目标函数：极大化最小完工时间进行了讨论。证明了
绝大多数情况下，对于给定的 s，我们所给的算法是最优的。

关键字： 排序，并行工件，网络结构，在线算法，竞争比。
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Abstract
In this thesis, we deal with a number of scheduling problems which arise in communication networks. This thesis consists of two parts. In the first part, we focus on
parallel jobs scheduling, where a job may require more than one machine simultaneously. The network topologies between machines are considered how to influence
the schedule. The concrete network topologies could be PRAM, Line, Mesh, Hypercube and so on. A subset of machines can work together only if they are connected.
Parallel jobs require some part of the machines (e.g. a mesh of a smaller size),
and can be processed simultaneously on any subset of machines with that specific
network topology. Different variants on on-line scheduling are explored, such as the
model where jobs arrive on dependencies and the model where jobs arrive over list.
Our goal is to schedule a given set of jobs so that all the constraints are satisfied
and a certain objective is optimized, such as makespan minimization or throughput
maximization.
We present on-line algorithms for these scheduling problems and adopt the standard performance measure - competitive ratio to analyze them. We also provide
lower bounds with some specific instances. It is showed that the complexity of the
network topologies and various variants of on-line models impose a big influence on
the schedule. On the other hand, we show that it is quite helpful if we know some
partial information of the jobs in advance in order to improve the quality of the
schedule. We also design efficient algorithms for some off-line problems, where we
know the full information on jobs beforehand, such as the malleable parallel jobs

iii
scheduling problem where the processing time of a malleable job is a function of
the set of machines allotted to it, and the problem to maximize the throughput of
parallel jobs with release dates.
In the second part, we study some classical scheduling models in which jobs
require exactly one machine. In the problem with extendable working time, each
machine has a regular working time which can be extended if necessary. The (final)
working time of a machine is defined to be the larger value between the original
regular working time and the total processing time of the jobs assigned to it. The
goal is to assign all the jobs to the machines such that the total working time of the
machines is minimized. Both cases of the identical machines and of the machines
with unequal regular working times are explored.
Finally, we study the classical on-line scheduling model in which jobs require only
one machine and some partial information of jobs is known in advance. Jobs arrive
over list, however, it is known that the last job is the job with longest processing
time and the on-line scheduler will be informed upon arrival of the last job. Our goal
is to minimize the makespan or maximize the minimum machine completion time.
In addition to identical machines, uniform machines where machines have different
speeds are also considered.
Key words: Scheduling, Multiprocessor tasks, Network topology, On-line algorithm, Competitive ratio.
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Chapter 1
Introduction
This thesis is a theoretical study of scheduling problems in communication networks. We study on-line scheduling of parallel jobs. Various factors, such as the
network topology, the manner that jobs arrive, the restriction on processing times,
the presence of dependencies between jobs, permission of preemption, partial information on future jobs, are considered how to affect the length of schedules. Then
we study some extended classical on-line scheduling problems, which also arise in
some communication networks (e.g. TDMA).
A scheduling problem is specified by a resource requirement (e.g. network topology), a set of jobs and a certain objective. A scheduling algorithm is to build a
schedule in which the jobs are assigned to one or more machines with a specific
communication configuration according to the variant of scheduling so that a certain objective is optimized.
As we know, a large number of scheduling algorithms preclude the possibility
to develop acceptable fast (polynomial time) algorithms that produce optimal solutions. For the alternatives, it is advantageous to develop the fast approximation
algorithms, which do not produce optimal solutions, but will produce solutions that
are provably close to optimum.
One approach to design and analysis of these algorithms always assumes that
an algorithm accesses the complete knowledge of the whole input. However, many
on-line algorithms arise in the realistic scenario, in which we have to make a schedule
without knowing the complete information an the input. In practice, the input of
1
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some problems are only partially available since some relevant input data arrive in
the future or are not accessible at present. Then an on-line algorithm is required to
react to the new request with only partial information and must generate an output
without knowledge of the entire input.
In this thesis we mainly concentrate on the development of fast approximation
algorithms for those problems that are computationally intractable and the study
of on-line algorithms for those optimization problems with incomplete information.

1.1

Preliminaries and notations

The scheduling theory is one of the main areas of practical and theoretical computer
science. For a long time the classical scheduling theory assumed that a job (or task)
can be executed only by one machine (or processor) at a time, see [27,118,110,3] for
excellent surveys. However this assumption is too restrictive in the case of parallel
computer system and modern production systems where jobs (e.g. programs) can
be processed on several processors in parallel. Therefore, the model of parallel jobs
has gained considerable attention recently [45,49,57,58,59,60,125,117,104]. Parallel
jobs may require more than one machine simultaneously.
The terms parallel job and machine can be used interchangeably with terms
multiprocessor task and processor, respectively.

1.1.1

Network topologies

In many applications, a network topology is considered, in which jobs can only be
executed on particular machines [93,112,15,16,61,62,117,35,98]. Only those machines
connected may execute a job together simultaneously. Parallel machines with a
specific network topology can be viewed as a graph where each node represents a
machine and each edge represents the communication link between the two nodes.
The concrete topology of networks can be PRAMs, Lines, Hypercubes, Meshes, and
so on. For any given set M = {M1 , M2 , . . . , Mm } of machines, similar as in [62],
some definitions of network topologies are stated as follows.
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1. PRAM: A parallel system whose underlying network topology is a complete
graph of m nodes or m-clique. Therefore, each subset of machines is also
a PRAM. So there is no preference in scheduling of certain combinations of
machines (see Fig 1.1 (a)).
2. Line: A line (one-dimensional mesh) is a parallel system consisting of m machines where machine Mi is directly connected with processors Mi+1 and Mi−1
if they exist. A parallel job with size si (the number of requested machines)
can be processed on si consecutive machines under this network (see Fig 1.1
(b)).
3. Hypercube: An N-dimensional hypercube consists of m = 2N machines
where two machines are directly connected if and only if their binary representations differ by exactly one bit. Available job types include any d-dimensional
subcube for d ≤ N (see Fig 1.2 (a)).
4. Mesh: A two-dimensional mesh n1 ∗ n2 is a parallel system consisting of
m = n1 ∗ n2 machines {Mi,j |0 ≤ i ≤ n1 , 0 ≤ j ≤ n2 }, where machine Mi,j
is directly connected to machines Mi,j±1 , Mi±1,j if they exist. Available job
types include all ai ∗ bi submeshes, where ai ≤ n1 , bi ≤ n2 . Higher dimensional
meshes and jobs can be defined analogously (see Fig 1.2 (b)).

(a)

(b)

(PRAM)

(Line)

Figure 1.1: The PRAM and line topology
Other than the above parallel models, if each job requires the simultaneous use
of a prespecified (fixed) set of machines, we get the dedicated variant.
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(3-dimensional hypercube)

4
(b)

(2-dimensional mesh)

Figure 1.2: The 3-dimensional hypercube and 2-dimensional mesh topology

1.1.2

General scheduling models

The number of machines is always denoted by m, and n stands for the number of
jobs. In general, the machine scheduling problems that we consider can be described
as follows. There is a set M = {1, 2, . . . , m} of m machines that are used to execute
a set J = {J1 , J2 , . . . , Jn } of n parallel jobs. Each job Ji ∈ J has a machine
requirement ∆i (we also call it the size of a job), a processing time pi (∆i ), a release
date ri , a due date di and a weight wi . In addition, there might be precedence
constraints on the jobs, i.e. some special order in which jobs have to be started
(they can be expressed in term of chains, trees, series parallel orders and so on).
A schedule is feasible if each machine executes at most one job at a time, and
each job Jj ∈ J does not start earlier than its release date rj and complete before
its due date dj and it is executed on a sub-system of appropriate type with given
size and subject to the precedence constraints.
Preemption may be permissible in some schedule, the processing of any job can
be interrupted and resumed at a later time on the same or on different machines.
For the parallel system with PRAM network topology, we deal with the following
basic variants of machine requirement ∆:
• Non-malleable model sizej : each job Jj ∈ J requires a fixed number of
machines for its processing. It is not possible to run a job on fewer machines
and it will not decrease the processing time with more machines.
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• Malleable model fctnj : for each job Jj ∈ J the processing time pj is a
function of the number of processors assigned to Jj .

1.1.3

Classification of on-line fashions

The classification of the on-line scheduling problem dependents on which part of the
problem is given on-line. We distinguish on-line scheduling problems by the manner
that jobs arrive. In general, there are three different versions.
1. Jobs arrive over list. Jobs are ordered in some list and arrive one by one
according to the list. The next job appears only after the current one has been
scheduled. We are allowed to assign the jobs to arbitrary time slots, thus a job
can start processing later than the successive jobs in the list. However, once
we see the successive jobs we can not change the assignment of the previous
jobs.
2. Jobs arrive over time. Each job Ji has a release date ri , which is not known
before Ji appears.
3. Jobs arrive on dependencies. Each job appears only after all its predecessors are completed, i.e., there is some special order in which jobs have to be
started (they can be expressed in term of chains, trees, series parallel orders,
interval order and so on). As soon as a job appears its size is known. However,
we are not aware of the dependencies among jobs in advance.
For each of the above three versions, upon arrival of a job, we may also assume that
the job processing time becomes known (called known processing time or clairvoyant)
or unknown until they are completed (called unknown processing times or nonclairvoyant).

1.1.4

Objective functions

Given a schedule σ, we compute for task Jj ∈ J the following values: the completion
time Cj (σ); the flow time Fj (σ) = Cj (σ)−rj ; the throughput Ūi (σ) = 1 if Cj (σ) ≤ di ,
and Ūi (σ) = 0 otherwise; the unit penalty Uj (σ) = 1 if Cj (σ) > dj , and Uj (σ) = 0
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otherwise; the lateness Lj (σ) = Cj (σ)−dj ; the earliness Ej (σ) = max{dj −Cj (σ), 0};
the tardiness Tj (σ) = max{Cj (σ) − dj , 0}. If there is no ambiguity about the schedule under consideration, we write Cj , Fj , Ūj , Uj , Lj , Ej , Tj respectively. Thus some
commonly used optimality criteria involve the minimization of: maximum completion time, or makespan Cmax = maxj Cj ; the total (weighted) completion time
P
P
j (wj )Fj ; the
j (wj )Cj ; the total (weighted) flow time (also called response time)
P
(weighted) number of late jobs j (wj )Uj ; the maximum lateness Lmax = maxj Lj ;
P
the maximum earliness Emax = maxj Ej ; the total (weighted) tardiness j (wj )Tj
P
The optimality criteria involve of the maximization of: throughput
Ūi .
The most common objective function is makespan. If the makespan is small, the

utilization of machines is high. Then it benefits the owner of machines when the
profit are proportional to the work done. Nowadays, the objective of throughput
becomes popular to meet various quality-of-service (QoS) demands from the user,
e.g. offer best-effort service in a network. The objective functions of total completion
time and total flow time arise also in the QoS, since users may concentrate on the
time it takes to finish individual jobs. Thus it is unacceptable if many short jobs
are postponed after some long job even if the makespan is optimal.

1.1.5

Three-field notations

For simplicity of denotations of the analyzed scheduling problems, we adopt the
standard three-field notation α|β|γ proposed by Graham et al. in [74]. It has been
enhanced by several people, e.g. Blazewicz, Veltman, Drozdowski [21,126,45].
The scheme α|β|γ in its three fields describes the machine system (α), the job
system (β) and the optimality criterion (γ).
The first field contains up to two symbols α = α1 , α2 . The detail describe of
notation α1 and α2 are illustrated in Table 1.1. The possible machine environment
in the α field is as follows:
• Single machine (1): There is only one machine in the system.
• Parallel and identical machine (P m): There are m identical machines in parallel.
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• Uniform machines (Qm): There are m machines in parallel, but the machines
have different speeds.
• Unrelated machines (Rm): There are m machines in parallel, but each machine
can process different jobs at a different speed.
• Open shop (Om): Each job needs to be processed exactly once on each of the
machines. But the order of processing can be arbitrary.
• Flow shop (F m): The machines are linearly ordered and the jobs all follow
the same route (from the first machine to the last machine).
• Job shop (Jm): Each job has its own predetermined route to follow. It may
visit some machines more than once and it may not visit some machine at all.
If m is omitted, then the number of machines is not fixed in the definition of the
problem, i.e., the number of machines will be specified as a parameter in the input.
Table 1.1: The machine environment in α|β|γ scheme
α

Values

Meaning

α1

1

single machine

P

identical machines

Q

uniform machines

R

unrelated machines

O

open shop system

F

flow shop system

J

job shop system

∅

the number of machines is not fixed in the definition of the problem

m

the number of machines fixed to m

α2

The second field β = β1 , . . . , β7 defines the job system. Table 1.2 show the
characteristics of jobs. It partly concentrates on the on-line or off-line, the resource
requirement of machines, precedence constraints, the admissibility of preemptions,
release dates, due dates and bounded processing times.
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Table 1.2: The job characteristics in α|β|γ scheme
β

Values

Meaning

β1

∅

off-line, the complete information of jobs are known.

on-line-list

jobs arrive over list

on-line-time

jobs arrive over time

on-line-prec

jobs arrive on dependencies

∅

each job requires exactly one machine

sizej

PRAM model, non-malleable version

fctnj

PRAM model, malleable version

cubej

Hypercube model

linej

Line model

2-d mesh

2-dimensional mesh model

fixj

dedicated model

∅

independent jobs

prec

arbitrary precedence constraints

∅

no preemption allowed

pmtn

preemptions are allowed

∅

all jobs are released at time zero

rj

release time may be specified for each job

∅

no due dates between jobs

dj = D

common due dates

dj

arbitrary due dates

∅

the processing times are known but arbitrary.

non-clairvoyant

unknown processing time model

pj = 1

all the processing times of jobs are unit

pj = p

constant processing times for all jobs

p ≤ pj ≤ p̄

bounded processing times

β2

β3

β4

β5

β6

β7

8
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P
P
The third field γ = γ1 , where γ1 ∈ {Cmax , Lmax , Emax , (wj )Tj , (wj )Fj ,
P
P
P
(wj )Cj , (wj )Uj , Ūj } denotes the optimality criterion, see Table 1.3.
Table 1.3: The objective function in α|β|γ scheme
γ

Definition

Quantity name

Cmax

maxj Cj

makespan (maximum completion time)

Lmax

maxj Lj

maximum lateness

Emax
P
(wj )Tj
P
(wj )Fj
P
(wj )Cj
P
(wj )Uj
P
(wj )Ūj

maxj Ej
P
j (wj )Tj
P
j (wj )Fj
P
j (wj )Cj
P
j (wj )Uj
P
j (wj )Ūj

maximum earliness

1.1.6

total (weighted) tardiness
total (weighted) flow time
total (weighted) completion time
(weighted) number of late jobs
(weighted) throughput, (weighted) number of early jobs

Performance measure

We adopt the standard measure competitive ratio, introduced by Sleator and Tarjan [121], to evaluate an on-line algorithm. For any instance I, let CA (I) and C ∗ (I)
be the objective value (e.g. makespan) given by an on-line algorithm A and the
objective value (e.g. makespan) produced by an optimal off-line algorithm, respectively. The competitive ratio of algorithm A is defined as
RA = sup{CA (I)/C ∗(I)}.
I

Algorithm A is called ρ-competitive if CA (I) ≤ ρC ∗ (I) holds for any instance I. A
lower bound R of a problem means that any on-line algorithm has competitive ratio
of at least R.
Asymptotic competitive ratio of an on-line algorithm A is the least α satisfying
the inequality
CA (I) ≤ αC ∗ (I) + β,
for any instance I, where β is a constant. Note that when β ≤ 0, the asymptotic
competitive ratio becomes the competitive ratio.
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The above definitions based on the objective is to minimize a certain cost. For
the problem with objective to maximize a certain value, the competitive ratio of
algorithm A is defined as
RA = sup{C ∗ (I)/CA (I)}.
I

Algorithm A is called ρ-competitive if C ∗ (I) ≤ ρCA (I) holds for any instance I.
The asymptotic competitive ratio is the least α satisfying the inequality
C ∗ (I) ≤ αCA (I) + β,
for any instance I, where β is a constant.
In the off-line case, instead of competitive ratio we use worst-case ratio to evaluate
an approximation algorithm. The definition is similar.
The goal in any problem is to find an algorithm with a competitive ratio as small
as possible. But how well any on-line algorithm can perform for a given problem?
This question can be addressed by examining a general lower bound on the on-line
problem. A lower bound is usually derived by providing a set of specific instances
on which no on-line algorithms can perform better than it. If an on-line algorithm
has a competitive ratio matching the lower bound, it is optimal (best possible). For
simplicity, in the following instead of C ∗ (I) and CA (I), we usually use C ∗ and CA
to denote the corresponding objective values (e.g. makespans) without causing any
confusion.

1.2

Problems considered in this thesis

In this section, we expose the problems considered in this thesis. The problems
related to parallel jobs scheduling are given in Subsection 1.2.1. Some extended
classical scheduling problems, where each job requires exactly one machine, are presented in Subsection 1.2.2. Scheduling parallel jobs on dedicated machines is beyond
the scope of this thesis. We recommend the surveys [50,46] for the malleable jobs
scheduling and the survey [45] for parallel jobs on dedicated machines. Throughout
this thesis, we assume that, at any time, a machine can handle at most one job.
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Scheduling of parallel jobs

We study an on-line problem of scheduling UET (Unit Execution Time) parallel
jobs on 2-dimensional meshes, denoted by P | on-line-prec, 2-d mesh, pj = 1|Cmax .
Parallel jobs arrive dynamically according to the dependencies between them, which
are unknown before the jobs appear. Each job is requested to be scheduled on a
submesh of the machines which are located on a 2-dimensional submesh, i.e., a job
must be scheduled on a rectangle of given dimension. The objective is to minimize
makespan. We deal with an UET job system, in which all job processing times are
equal. We show a lower bound of 3.859 and present a 5.25-competitive algorithm.
It significantly improves a previous lower bound 3.25 and a previous upper bound
of 46/7. We consider also the rotated 2-dimensional mesh, in which the rotations
of all the parallel jobs are feasible. A lower bound 3.535 is proved and an on-line
algorithm with competitive ratio of at most 4.25 is derived.
We address on-line scheduling of parallel jobs, where jobs arrive over list, i.e. the
problem P | on-line-list, sizej |Cmax . A parallel job may require a number of machines
for its processing at the same time. Upon arrival of a job, its processing time
and the number of requested machines become known, and it must be scheduled
immediately without any knowledge of future jobs. We present a 7-competitive
on-line algorithm, which improves the previous upper bound of 12. Furthermore,
we investigate three special cases. For the case that jobs arrive in non-increasing
order of processing times, the upper bound of algorithm greedy is at most 2. For
the case that jobs arrive in non-increasing order of sizes, the competitive ratio of
the algorithm greedy is in between 2.5 and 2.75. For the case that the longest
processing time of jobs is known in advance, an on-line algorithm with tight bound
4 is presented. Finally, we introduce preemption to our problem, i.e. the problem
P | on-line-list, sizej , pmtn|Cmax . Upon arrival of a job, we must make the decision
of preemption immediately and we can not change it later. An on-line algorithm is
shown to have a competitive ratio of 2 − 1/m. As far as we know it is the very first
result in this topic.
Furthermore, we consider efficient algorithms for the off-line scheduling problems,
where all the characters of jobs are known. We study the malleable parallel jobs
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scheduling problem, in which, the job processing time is a function of the number
of machines allotted to the job. Note that the number of machines to execute the
parallel job is not fixed but must be determined before execution, and it cannot be
changed until the completion of the job. Unlike the definition in this thesis, some
authors use “moldable” instead of “malleable”, see, e.g., [55,50,46]. The malleable
parallel jobs are called monotonic, if pj (l)l ≤ pj (l0 )l0 and pj (l) ≥ pj (l0 ) holds for all

job Jj and pair l ≤ l0 , where pj (l) is a function pj : l → R+ . We study the monotonic
variant malleable parallel jobs on a 2-dimensional mesh and present an asymptotic
fully polynomial time approximation scheme when the number m of machines is
sufficiently large. Equivalently, for any given ε > 0, we compute a schedule of
length at most (1 + ε) times the optimum (maybe plus an additive term), which has
running time polynomially in n and 1/ε.
Concerning the objective to maximize the throughput, we study the problem of
scheduling n independent parallel jobs on hypercubes. A parallel job is required to
be scheduled on a subcube. Each job is associated with a due date and available
at time zero. It is easy to show the NP-hardness of this problem. We provide an
optimal algorithm with polynomial running time for the unit processing time job
system. Then we turn to the problem where each job has a release time. We propose
an optimal polynomial algorithm for the unit processing time job system and the
dimension of hypercube is limited to 1, i.e. the two parallel identical machines case.

1.2.2

Extended classical scheduling problems

We study the scheduling problem on parallel machines with extendable working
times: there are m machines B1 , B2 , . . . , Bm with original regular working time
b1 , b2 , . . . , bm , respectively. The original regular working time can be extended if
needed. The (final) working time of a machine is defined to be the larger value
between the original regular working time and the total processing time of the jobs
assigned to it. Jobs {J1 , J2 , . . . , Jn } arrive over list, which are not known in advance.
When job Ji arrives it must immediately and irrevocably be assigned to one of the
machines and the next job Ji+1 becomes known only after Ji has been assigned. The
processing time of job Ji is pi . The goal is to assign all the jobs to the machines
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such that the total working time of the machines is minimized.
The regular working times of the machines can be seen as a given capacity, thus
this problem is a variant of bin packing: the machines correspond to bins and the
jobs to items.
We first consider the problem on a small number of identical machines, i.e. all
the regular working times are equal to 1. The on-line algorithm Hx , designed by
Speranza and Tuza [122], is carefully analyzed for m = 2, 3, 4. The best choices of
parameter x is determined and the competitive ratios are shown. Hx is a best possible on-line algorithm for two machines. A new algorithm Aα is derived, which has
a competitive ratio of 7/6 and is better than Hx for three machines. Unfortunately,
algorithm Aα does not work for m > 3. For m = 3 and 4, we present a lower bound
√
(17 + 577)/36 and 9/8, respectively. Then we deal with the general problem with
unequal regular working times. The overall competitive ratio (see Section 7.1) are
introduced.
With the assumption (7.1) that any job processing time is not greater than any
machine regular working time (7.1), we analyze algorithm LS (List Scheduling)
more carefully and prove the competitive ratios for each m and each collection B
of regular working times. The ratios differ for an even number of machines and an
odd number of machines. It is also shown that the competitive ratio of LS for the
identical machines is exactly 5/4 when m is even and 5/4 − 1/(4m2 ) when m is
odd. We then present an improved on-line algorithm for m = 2 and m = 3. We
also discuss the problem without the assumption (7.1). A lower bound 6/5 for the
overall competitive ratio is presented. We prove the competitive ratio of LS for the
two-machine case and give an improved on-line algorithm. Finally, we extend our
results to the off-line version for parallel jobs, where a job may require more than
one machine simultaneously. An upper bound of 2 is presented.
Finally, we consider a variant of on-line classical scheduling, where partial information on future jobs is known beforehand. Assume that the last job is the longest
(with the longest processing time). At the moment the last job appears, the adversary will inform that this is the last one. The objective is to minimize the makespan.
√
We provide best possible on-line algorithms with competitive ratios 2 and 3/2, re-
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spectively, for m = 2 and 3, where m is the number of machines. Then we consider
the uniform machines, where machines have different speeds. We present algorithms
relying on the speed ratio s. Most of them are best possible. We also explore the
problem to maximize the minimum completion time on two uniform machines. The
competitive ratios depend also on the speed s. The proposed algorithms are best
possible for almost all the value of s.

1.3

Practical motivations

The applications of parallel jobs scheduling arise widely in various realistic scenarios. Many applications of the motivation behind parallel jobs model were given
by Drozdowski [45,46]. We present some applications mainly based on [45,46] as
follows.
Communication An example of application of parallel jobs scheduling problem
arise in wavelength-division-multiplexing (WDM) network [127,124]. Speaking the
terminology of WDM, processor correspond to wavelength (channel), task correspond
to data packet which have to be transmitted through, and processing time correspond
to transmission time. Each packet is divided into many parts and all these parts
should be transmitted simultaneously. Optical networks employing WDM are now
a viable technology for implementing a next-generation network infrastructure that
will support a diverse set of existing, emerging, and future applications [69].
Parallel jobs appear in lots of the dynamic bandwidth allocation problem [14,41,99].
The bandwidth allocation problem arises in communication media that should have
guaranteed bandwidth policy (e.g., ATM(Asynchronous Transfer Mode) [48]). For
example, delivering compressed video, require certain level of quality of service (QoS)
in the form of guaranteed bandwidth. The applications submit requests for communication channel bandwidth. The scheduling algorithm has to determine the assignment of bandwidth to fulfill the submitted requirements. Here, bandwidth can
be regarded as processors. Thus, bandwidth allocation problem can be seen as the
assignment of application requests in the bandwidth × time space. Furthermore, If
the communication allows preemption and change the bandwidth assignment, then
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it can be profitable both for the utilization of the channel [14] and for the number
of transferred messages [41].
Another application for parallel jobs can be scheduling file transfers [32]. A
file transfer requires at least two processing terminals, sender and receiver, simultaneously. Simultaneously transfers on multiple buses can also be considered as
multiprocessor tasks [82].
Parallel applications Parallel computer applications are based on parallel jobs.
A number of massively parallel computer systems (MPP) divide their processors
into partitions [22]. The main idea of a partition is to give an exclusive access to a
number of processors to one application only. The operation system is responsible
for managing the partitions, granting the access to them etc. Note that from the
viewpoint of partition manager the applications are multiprocessor task (parallel
jobs) because they occupy all the processors in the partition at the same moment of
time. Parallel processing is expected to bring a breakthrough in the increase of computing speed, which arises from the applications such as weather forecasting, real
time image processing, molecular modelling (computing the structures and properties of chemical compounds, biological macromolecules, polymers, and crystals),
physical simulations (such as simulation of airplanes in wind tunnels) etc. The real
systems are, e.g., IBM RS/6000 Scalable Parallel Computer, Sun Enterprise 10000
or HPC Cluster, and so on. There also exists commercially parallel computers which
use a hypercube network topology. Ametek, Floating Point Systems, Intel Scientific
Computers, NCUBE and Thinking Machines are some of the vendors of hypercube
and modified hypercube computers. Feitelson [56] proposed a nice review about the
studies on the workload of massively parallel processing computer systems.
The parallel jobs scheduling problem also appears in the situation that scheduling
of tasks with shared resource involves two dimensions, the resource and the time.
A parallel application can also be found in a parallel database system, e.g. a
parallel query execution plan generated by the query optimizer of a parallel database
management system [111,68].
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Reliable computing Except the efficiently and fast running, the reliability of
computer systems is also very important. The reliability plays a crucial role on
control systems in factory, avionics, automotive, medical and life support systems.
It is also a goal of the fault-tolerant system, which detect errors, or recover from
errors. The required reliability software systems can be obtained by executing redundant replicas of software components and comparing their outputs [5,80,97]. The
copies of a computer program must work in parallel on different processors in order
to guarantee the required reliability. Furthermore, the redundant copies must visit
the same states in about the same time to maintain replica determinism [97]. Thus,
the replicated copies of a reliable software system plays the role of a multiprocessor
task.
Applications of other problems In this thesis, we also study some classical
scheduling problem, where each job requires exactly one machine.
For the extensible scheduling problem, i.e. the extensible bin packing problem,
it arises in a wide variety of contexts on communication networks, from the packet
scheduling problem to the bandwidth allocation problem. Consider, for example,
a slotted TDMA (Time Division Multiple Access) [100,113] channel which is used
both for the real-time and best-effort traffic. Packets of real-time flows which have
high priority are allocated in fixed time slots. The left slots are available for besteffort packets with lower priority. The scheduling problem is to assign best-effort
packets with equal sizes or variable sizes into the free slots after the allocation of
real-time packets. Sometimes, the system discards some real-time packets in favor
of the best-effort traffic, however the total value of them should small.
The extensible scheduling problem has also many applications in bin packing,
storage allocation and scheduling problems. Consider, for instance, a set of workers
is given with regular working time. In case of needed, the worker can do some
overtime works. The problem is to assign duties to the workers in such a way that
the total overtime works is minimized. For the parallel jobs version of this problem,
which arise in the applications that many workers need to cooperate to finish a single
work.

1.4. Outline

1.4

17

Outline

The remainder of this thesis is organized as follows. Chapter 2 gives the history
overview of on-line scheduling of parallel jobs problems. In Chapter 3 we study the
on-line scheduling of UET parallel jobs with dependencies on 2-dimensional mesh.
The rotated 2-dimensional mesh topology is also considered. Chapter 4 explores
the on-line scheduling where jobs arrive over list on PRAM. Several special cases
are investigated and the preemptive schedule is also studied. Chapter 5 studies the
malleable parallel jobs scheduling on 2-dimensional mesh. Chapter 6 studies the
problem to maximize the throughput. In Chapter 7 the on-line scheduling problem
with extendable working times is investigated. Both the identical machines and the
machines with unequal regular working times are explored. In Chapter 8 we study
the problem where partial information is known in advance. Conclusions and open
problems are presented in Chapter 9.

Part I.
Scheduling of parallel jobs
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Chapter 2
History overview
2.1

Introduction

In this chapter, we present a history overview for the problems of parallel jobs
scheduling considered in Subsection 1.2.1.
The closely related problems to the parallel jobs scheduling are scheduling with
resource constraints [66,18] and rectangle packing problem [9,33,96,123]. Parallel
jobs scheduling differs from scheduling with resource constraints in the following
sense: scheduling with resource constraints distinguishes between machines and resources while parallel jobs scheduling does not. For the makespan minimization
problem of parallel jobs scheduling under the line network topology, it can be regarded as the strip packing problem [96,123]. In strip packing a finite set of rectangle
is to be packed into a rectangular bin of finite width but infinite height, so as to
minimize the total height used. Thus, the parallel jobs scheduling problem can be
viewed as the strip packing problem, where the width of the rectangular bin corresponds to the machines and the height of the rectangular bin corresponds to the
time axis. The size sizej and processing time pj of a parallel job are corresponding
to the width and height of a rectangle that are requested to be packed.
It is worthy to notice that such similarities are often subject to minor but crucial
differences in the definitions of the problems.
The rest of this chapter is organized as follows. In Section 2.2 we overview the
known results on on-line non-preemptive scheduling to minimize makespan. The
19
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known results on on-line preemptive scheduling are given in Section 2.3. Section 2.4
outlines the historical results on throughput maximization.

2.2

Non-preemptive scheduling on makespan objective

In this section, we concentrate on the problem where no preemption is allowed. Unless specified, the model with known job processing times is addressed, and the parallel jobs are non-malleable types in default. The objective is to minimize makespan.
To compare with the (classical) on-line scheduling problems of non-parallel jobs, we
give a short paragraph to survey the main results on non-parallel jobs when each
on-line model is discussed.
In the following, we briefly introduce some off-line results, before we get into
on-line models.

2.2.1

Off-line

The first papers on parallel jobs scheduling mainly investigated variants with unit
execution times. Lloyd [105] showed that the problems P | sizej , pj = 1|Cmax and
P 3| sizej , prec, pj = 1|Cmax with sizej ∈ {1, 2} both are NP-hard, whereas the problem P 2| sizej , prec, pj = 1|Cmax can be solved polynomially. Blazewicz et al. [20]
have proved that the problem P | sizej , pj = 1|Cmax is strongly NP-hard. Du and Leung [49] showed that the problem P 2| sizej |Cmax and P 3| sizej |Cmax are NP-hard, but
are pseudopolynomialy solvable. On the other hand, they proved that P 5| sizej |Cmax
is strongly NP-hard. It is still open whether problem P 4| sizej |Cmax is strongly NPhard. For an overview of results on computational complexity and approximation
algorithms, we refer to [45,46]. For latest development, see the website [24] maintained by Brucker and Knust.
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Jobs arrive over list

Non-parallel jobs The classical scheduling problem where one job requires exactly one machine has been extensively studied, see [118] for a review. For the
problem P | on-line-list|Cmax , the first competitive ratio of 2 − 1/m was due to Graham [72]. Albers [2] presented an algorithm with competitive ratio of 1.923 when
m ≥ 2 and also proved that no deterministic on-line algorithm can have a competitive ratio better than 1.852. Fleischer and Wahl [64] improved the competitive ratio
to 1.9201 for m → ∞, and it is better than Albers’s algorithm when m ≥ 64. The
lower bound was improved to 1.85358 by Gormley et al. [71]. As far as we know,
the best known lower bound is 1.88 by Rudin [114].
Parallel jobs In the following, we study the problem P | on-line-list, sizej |Cmax .
Upon arrival of a job, its size sizej and processing time pj are known. The objective
is to minimize the makespan.
As we have pointed out before the strip packing problem is equivalent to the
problem P | sizej |Cmax under the line network, i.e. the problem P | linej |Cmax . The
off-line strip packing problem was studied extensively. It was first studied by Baker
et al. [9]. An algorithm with asymptotic worst-case ratio of 5/4 was proposed
by Baker et al. [7] in 1981. After 15 years the bound was improved by Kenyon
and Remila [96] who designed an asymptotic fully polynomial-time approximation
scheme (AFPTAS). Steinberg [123] presented an approximation algorithm with absolute worst-case ratio of 2, which is the best known result in terms of the absolute
worst-case analysis.
There are few on-line algorithms for this problem. The very first algorithms shelf algorithms were developed by Baker and Schwartz [10], which achieve a competitive ratio of 6.99. However the competitive ratio of these shelf algorithms was given
under the assumption that the processing times of all jobs are bounded by 1 [38].
Meanwhile the asymptotic worst-case ratio of these shelf algorithms was proved to
be arbitrarily close to 1.7. An improved shelf algorithm shelf algorithm, based on
harmonic algorithms was given by Csirik and Woeginger [37]. They showed that it
is the best possible shelf algorithm for on-line strip packing, which has asymptotic
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worst-case ratio of h∞ ≈ 1.69103.
A lower bound 2 on the competitive ratio of any on-line strip packing algorithm
was given by Brown et al. in [23]. It is easy to verify the same lower bound for
PRAM networks.
All the above results are also valid for the parallel jobs scheduling on PRAM
networks. Obviously, we can apply all the algorithms for strip packing to PRAM
networks. Take a look at the proofs of algorithms in strip packing. The lower bound
of an optimal off-line algorithm always ignores the network topology. Then the
upper bound of the problem on line network is also an upper bound of the problem
on PRAM networks.
In fact, it was Johannes [90] who is the first one to design an on-line algorithm
for the scheduling problem on PRAM networks with arbitrary job processing time.
The competitive ratio of her algorithm is no more than 12. She also showed a lower
bound of 2.25 with an enumerating program.
The results are summarized in Table 2.1.
Table 2.1: Results for P | on-line-list, β2 |Cmax
network topology (β2 )

upper bound

lower bound

Non-parallel job (∅)

1.9201 [64]

1.88 [114]

PRAM and pj ≤ 1

6.99 [10]

2 [23], 2.25 [90]

12 [90]

2 [23], 2.25 [90]

6.99 [10]

2 [23], 2.25 [90]

PRAM
Line (one dimensional mesh) and pj ≤ 1

2.2.3

Jobs arrive over time

Non-parallel jobs It has been studied for the on-line scheduling problem where
jobs arrive over time (see [118] as a survey). Graham [72] presented a list scheduling
algorithm with competitive ratio of 2 − 1/m for P | on-line-list|Cmax . Gusfield [75],
and Hall and Shmoys [76] observed that Graham’s result holds for the problem with
release dates P | on-line-time|Cmax too. To our best knowledge, the best known upper
bound for the problem P | on-line-time|Cmax was obtained with the simple algorithm
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On-Line LPT which always schedules the available job with the longest processing
time if there is a machine idle. The competitive ratio of this algorithm is 1.5 [28].
In the same paper, the best known lower bound 1.347 was provided. For the twomachine case, Noga and Seiden [108] presented an algorithm with competitive ratio
√
(5 − 5)/2, which matches the lower bound presented in [28] .
Parallel jobs There are only a few results on on-line scheduling of parallel jobs,
where jobs arrive over time. For the model with unknown processing times, Feldmann et al. [62] assumed that rj = 0 for all jobs and proved that the list scheduling
algorithm [65] is 2 − 1/m-competitive. At any time the list scheduling algorithm
always starts an available job if its size is at most the number of the idle machines.
Shmoys et al. [119] showed that there is no deterministic on-line algorithm with a
better competitive ratio than 2−1/m for the model with unknown processing times,
even if any job requires exactly one machine and arrives at time zero. It implies
that the list scheduling is optimal. Naroska and Schwiegelshohn [109] analyzed a list
scheduling heuristic for the problem with arbitrary release times and showed that
the competitive ratio of 2 − 1/m remains ture.
For the known processing times model where the processing time of a job is
known upon arrival of the job, clearly the above upper bound 2 − 1/m still holds for
list scheduling. However it might not be a lower bound on any on-line algorithms.
In particular if all jobs are available at time zero, the problem becomes off-line. For
the general case, as far as we know, there is no any result.
Table 2.2 summarizes the results.
Table 2.2: Results on P | on-line-time, β2 , β3 |Cmax
network topology (β2 )

processing time (β3 )

upper bound

lower bound

Non-parallel job (∅)

Known proc. time(∅)

1.5 [28]

1.347 [28]

PRAM

Known proc. time(∅)

2 − 1/m [65,119,109]

1.347 [28]

PRAM

Unknown proc. time

2 − 1/m [109]

2 − 1/m [119]
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Jobs arrive on dependencies

Non-parallel jobs Graham [72,73] showed that a greedy algorithm can achieve a
competitive ratio of 2 − 1/m for the problem P | on-line-prec, non-clairvoyant|Cmax .
Epstein [51] showed that this is optimal even if the processing times are known and
preemption is allowed.
Parallel jobs On-line scheduling of parallel jobs with or without precedence constraints was studied by Feldmann et al. [62,61] and Sgall [117]. For the sake of
completeness we also state below their results without dependencies.
No dependencies and unknown processing times Feldmann et al. [62] and
Sgall [117] studied the on-line scheduling of independent parallel jobs with unknown
processing times on various networks. The size of a parallel job is known in advance,
however, the processing time of the job is unknown before its completion. There are
no dependencies between jobs. For PRAMs, any greedy algorithm which schedules
a job whenever there are some machines available is optimal. Its competitive ratio
is 2 − 1/m. For hypercubes, an optimal on-line algorithm with competitive ratio of
2 − 1/m was derived. For the one dimensional mesh (line) model, a lower bound of
2 − 1/m for any deterministic on-line algorithm and an upper bound of 2.5 were presented. For 2-dimensional meshes, no on-line deterministic algorithms can achieve
√
competitive ratio less than Ω( log log m) and an algorithm with competitive ratio
√
of O( log log m) was provided. In their papers, they also studied the problem on
√
d-dimensional meshes. A lower bound of Ω( log log m) for any deterministic on-line
√
algorithm and an upper bound of O(2d log d log log m + 2d(d log d)d ) were provided.
With dependencies and unknown processing times For the problem
P | on-line-prec, sizej , non-clairvoyant|Cmax , in [61,117] it is shown that the worstcase performance of any deterministic or randomized on-line algorithm for scheduling
parallel jobs with precedence constraints and unknown processing times is rather
dismal (the ratio is m), even if the precedence constraints among the jobs are known
in advance. If there is restriction on the size of jobs, i.e. sizej ≤ λm, where 0 < λ < 1
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1
and 1 ≤ j ≤ n. An optimal on-line algorithm with competitive ratio of 1 + 1−λ
was

given.
A technique called virtualization [81] was introduced for this problem, where a
parallel job can be scheduled on fewer machines than it requests. A parallel job Jj
with size sj and processing time pj can be scheduled on s0j machines, where s0j < sj .
However the processing time of job Jj becomes pj ∗

sj
.
s0j

In this case, the work of a

job is preserved and the parallel job is called ideally malleable job, as opposed to the
non-ideally malleable jobs where the work is not preserved.
The problem with virtualization was investigated in [61,117]. For PRAMs, a
best possible on-line algorithm with competitive ratio of 2+ φ ≈ 2.618 was achieved,
where φ is the golden ratio. Similarly, for the case that sizej ≤ λm, they showed
a best possible algorithm with competitive ratio of 2 +

√
4λ2 +1−1
.
2λ

For hypercubes,

only an upper bound of O( logloglogmm ) was provide. No nontrivial lower bound is known
yet. For the line model, they provided an on-line algorithm with a lower bound of
Ω( logloglogmm ) for any deterministic on-line algorithm and an upper bound of O( logloglogmm ).
For d-dimensional meshes, a lower bound of Ω( logloglogmm ) for any deterministic on-line
algorithm was shown. An upper bound of O(( logloglogmm )d ) was achieved.
Parallel jobs with runtime restrictions Since the performance ratio of the
on-line scheduling of parallel jobs with dependencies and unknown processing times
is rather dismal. The approaches to improve the performance are to restrict the
maximum size of a job to λm machines and to use the virtualization. However,
there exists drawbacks. Restricting the maximum size of a job can severely restrict
the problem size that can be solved on a particular machine. Virtualization may be
impossible or prohibitively expensive if such memory limitations exist.
Another possibility to improve the performance is restricting the processing time.
Bischof et al. [16,15] studied the case that there is some a priori knowledge about
the processing time of the individual jobs but the dependencies are unknown to
the scheduler. They first considered the problem that the job processing times are
equal. Such a job system is denoted by UET. For the PRAM and line topologies,
they presented a 2.7-competitive algorithm and showed a lower bound of 2.691 for
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any deterministic on-line algorithms. For the hypercube network, they gave a best
possible on-line algorithm with competitive ratio of 2. For two-dimensional meshes,
they derived a 46/7-competitive algorithm and a lower bound of 3.25 for any deterministic on-line algorithm. Then they considered the model with runtime ratio
restriction (the quotient of the longest and shortest processing times) for PRAMs.
When the shortest processing time is known, a family of job systems with runtime
ratio TR ≥ 2 was given that bounds the competitive ratio of any deterministic online algorithm by (TR + 1)/2 from below. An on-line algorithm with competitive
ratio of TR /2 + 4 was provided for the job system with runtime ratio ≤ TR . If
the assumption that the shortest processing time is known is dropped, a modified
algorithm with competitive ratio of TR /2 + 5.5 was given.
Table 2.3 summarizes the results of the on-line problem without dependencies
and unknown processing time. The results of on-line problem with dependencies
and unknown processing time or with processing time restrictions are concluded in
Table 2.4.
Table 2.3: Results on P |β1 , non-clairvoyant|Cmax
network topology (β1 )
Non-parallel job (∅)
PRAM
Line

lower bound

2 − 1/m [119]

2 − 1/m [119]

2 − 1/m [62,118]

2 − 1/m [62,118]

2.5 [62,118]

2 − 1/m [62,118]

2-dimensional mesh

2 − 1/m [62,118]
2 − 1/m [62,118]
√
√
O( log log m) [62,118] O( log log m) [62,118]

d-dimensional mesh

O(( logloglogmm )d ) [62,118]

Hypercube

2.3

upper bound

Ω( logloglogmm ) [62,118]

Preemptive scheduling with makespan objective

In the section, we focus on the schedules where preemption is allowed. Preemptive
scheduling of non-parallel job problem has been extensively studied, see [27,118].
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Table 2.4: Results on P | on-line-prec, β1 , β2 |Cmax
processing time (β2 )

network topology (β1 )

upper bound

lower bound

non-clairvoyant

Arbitrary network

m [61,117]

m [61,117]

UET job system

PRAM or Line

2.7 [16,15]

2.691 [16,15]

pj = 1

Hypercube

2 − 1/m [16,15]

2 − 1/m [16,15]

2-dimensional mesh
Runtime ratio ≤ TR

PRAM

46
7

[16,15]

TR /2 + 5.5 [16,15]

3.25 [16,15]
(TR + 1)/2 [16,15]

Non-parallel jobs The off-line version of this problem P | pmtn|Cmax was solved
to optimality in polynomial time [106]. Chen et al. [29] presented an optimal on-line
algorithm with competitive ratio of 1/(1−(1−1/m)m ), which approaches

e
e−1

≈ 1.58

as m → ∞, for the the problem P | on-line-list, pmtn|Cmax .
It was proved by Hong and Leung [79] and by Gonzales and Johnson [70] that the
problem P | on-line-time, pmtn|Cmax can be solved optimally, i.e., it is 1-competitive.
Graham [72,73] showed that a greedy (non-preemptive) algorithm achieves a
competitive ratio of 2 − 1/m for the problem P | on-line-prec, non-clairvoyant|Cmax .
Epstein [51] pointed out that this is optimal even if the processing times are known
and preemption is allowed. Thus, the optimal on-line algorithm for the problem
P | on-line-prec, pmtn|Cmax is (2 − 1/m)-competitive.
Parallel jobs Unlike the non-parallel jobs system, the off-line problem for the parallel jobs, i.e., P | sizej , pmtn|Cmax , is NP-hard for arbitrary number of machines [44].
Problem P m| sizej , pmtn|Cmax can be solved in polynomial time [20]. Jansen and
Porkolab [84] further studied the problem with fixed m by giving a linear time
algorithm.
The off-line preemptive scheduling of parallel jobs on hypercube topology was
also well studied [46]. Problem P | cubej , pmtn|Cmax can be solved polynomially [31,78,1,43].
For the preemptive on-line scheduling of parallel jobs, there are only few results.
As far as we know, there is no results on the preemptive on-line scheduling where
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jobs arrive over list.
There are some results on PRAMs where jobs arrive over time. In [8] Baker et
al. provided an on-line algorithm with the makespan bounded by rn +5H +1.7OP T ,
where rn is the largest release dates, H is largest processing time over all the jobs and
OP T is the optimal value. Johannes [90] presented an algorithm with competitive
ratio at most 2 − 1/m.
We summarize the results on on-line preemptive scheduling in Table 2.5.
Table 2.5: Results on P |β1 , β2 , pmtn|Cmax
network topology (β1 )

on-line model (β2 )

Non-parallel job (∅)

PRAM ( sizej )

2.4

upper bound

lower bound

on-line-list

1.58 [29]

1.58 [29]

on-line-time

1 [70,79]

1 [70,79]

on-line-prec

2 − 1/m [72,73]

2 − 1/m [51]

on-line-prec, non-clairvoyant

2 − 1/m [72,73]

2 − 1/m [51]

on-line-time, non-clairvoyant

2 − 1/m [90]

Maximizing the throughput

The classical scheduling theory, where each job requests exactly one machine, has
been studied extensively for the objective of minimizing the (weighted) number of
late jobs (wi )Ui , where Ui = 1 if job Ji is completed after di , and Ui = 0 otherwise (see
[101,25]). In contrast, previous research for parallel jobs has mainly concentrated on
the objectives of minimizing the makespan Cmax and the sum of completion times
P
Ci . To our best knowledge, the first paper concerning throughput objective for
P
parallel jobs is due to Fishkin and Zhang [63]. It was shown that P |sizei , pi = 1| Ūi
P
and P |f ixi , pi = 1, di = D| Ūi both are strongly NP-hard, where f ixi denotes
the dedicated variant and di = D denotes the common due date variant. They

proposed an algorithm with worst-case ratio bounded by 3/2 − 1/(2m)(m is odd)
and 3/2 − 1/(2m − 2) (m is even) for PRAMs, where m is the number of machines.
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For the dedicated variant, they showed that a greedy algorithm can achieve worst√
case ratio bounded from above by m+1, and the problem can not be approximated
within a factor of m1/2−ε for any ε > 0, unless NP = ZP P .
Jansen and Zhang [86] studied the maximizing throughput problem on rectangle
packing. A set of rectangles is given, each of which is associated with a profit, and
one is asked to pack a subset of the rectangles into a bigger rectangle so that the
total profit of rectangles packed is maximized. Regarding the bigger rectangle as a
two-dimensional mesh and smaller rectangles as the jobs which have unit processing
times, profits, sizes (submeshes) and a common due date, the rectangle packing problem can be transferred into the problem of scheduling parallel jobs on 2-dimensional
meshes. They presented a (2 + ε)-approximation algorithm for any given ε > 0.
Furthermore, they [87] considered packing a set of rectangles into a bigger rectangle
so that the objective is to maximize the number of packed items. They proved that
there exists an asymptotic FPTAS, and also a PTAS, for packing squares into a
rectangle. They also gave an approximation algorithm with asymptotic ratio of 2
for packing rectangles, and further showed a simple (2+ε)-approximation algorithm.

Chapter 3
On-line scheduling of parallel jobs
with dependencies on
2-dimensional meshs
3.1

Introduction

We study an on-line problem of scheduling parallel jobs on 2-dimensional meshes, i.e.
the problem P | on-line-prec, 2-d mesh, pj = 1|Cmax . Parallel jobs arrive dynamically
according to the dependencies between them, which are unknown before the jobs
appear. Each job may need more than one processor simultaneously and is required
to be scheduled on a submesh of the processors which are located on a 2-dimensional
mesh, i.e., a job must be scheduled on a rectangle of given dimensions. We deal with
an UET job system, in which all job processing times are equal. The objective is to
minimize the makespan.
Recall that on-line scheduling of parallel jobs with precedence constraints was
studied by Feldmann et al. [62,61] and Sgall [117]. In [61,117] it was shown that
the worst-case performance of any deterministic or randomized on-line algorithm for
scheduling parallel jobs with precedence constraints and unknown processing times
is rather dismal, even if the precedence constraints among the jobs are known in
advance. Bischof et al. [15,16] studied the case that there is some a priori knowledge
about the processing times of the individual jobs but the dependencies are unknown
30
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to the scheduler. They consider the problem that the job processing times are equal.
Such a job system is denoted by UET. For the PRAM topology, they presented a
2.7-competitive algorithm and a lower bound of 2.691 for any deterministic on-line
algorithms. For the hypercube network topology, they gave a best possible on-line
algorithm with competitive ratio of 2. For two-dimensional meshes, they derived a
46/7-competitive algorithm and a lower bound of 3.25 for any deterministic on-line
algorithm.
Note that for an UET job system there are already optimal or nearly optimal
on-line algorithms if the network topology is a hypercubes or a PRAM. However,
there is a big gap between the best known lower bound and the upper bound for
the two-dimensional mesh topology. In this chapter, we are concerned with online scheduling of an UET job system on two-dimensional meshes and improve the
previous results by Bischof [15]. A two-dimensional mesh N1 ∗N2 is a parallel system
consisting of N1 × N2 processors {Mij |0 ≤ i < N1 , 0 ≤ j < N2 } where processor Mij
is directly connected with processors Mi,j±1 , Mi±1,j (if they exist). Each job has a
unit processing time and must be scheduled on a rectangle of given dimensions. Job
Ji is characterized by (ai , bi ), meaning Ji requires an ai ∗ bi submesh. We call this
topology a normal 2-d mesh. On the other hand, it is also reasonable to assume
that parallel jobs can be rotated, which means that job Ji can also be scheduled
on a bi ∗ ai submesh (in this case we assume that maxi {ai , bi } ≤ min{N1 , N2 }),
where the processors in each node of the mesh are identical. Such a topology is
called a rotated 2-d mesh. There are precedence constraints among jobs. A job is
available if and only if its predecessors have been completed. The precedences are
unknown in advance and an on-line algorithm is only aware of available jobs and
has no knowledge about their successors. The goal is to minimize the maximum job
completion time (the makespan).
For normal 2-d meshes we give a lower bound of 3.859 for any deterministic online algorithms and present a 5.25-competitive algorithm which adopts Steinberg’s
algorithm [123] as a subroutine. It significantly improves a previous lower bound
of 3.25 and a previous upper bound of 46/7. Then we consider the rotated 2-d
mesh topology. A 4.25-competitive algorithm is given. Slightly revising the instance
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borrowed from [52] shows that the competitive ratio of any on-line algorithm is at
least 3.535.
The remainder of this chapter is organized as follows. Section 3.2 gives preliminaries. In Section 3.3, we give lower bounds for any on-line algorithm on normal 2-d
meshes and on rotated 2-d meshes. On-line algorithms are presented in Section 3.4.

3.2

Preliminaries

To evaluate an on-line algorithm we adopt the standard measure - competitive ratio,
which is defined in Section 1.1.6.
Regarding the two-dimensional mesh as a rectangular bin and the jobs (with unit
processing times) as rectangles (items), the problem of scheduling a set of available
jobs at each unit time interval can be regarded as a 2-dimensional bin packing
problem. A job (ai , bi ) has a width ai and a height bi . The makespan of a schedule
is just the number of bins used for packing all jobs. Note that the on-line issue is
only with respect to the precedences: a job is available if and only if its predecessors
have been completed. We distinguish the jobs by levels. The jobs in level 1 are
available at the beginning. A job belongs to level i if its predecessor(s) falls in level
i − 1, for i ≥ 2.
We adopt Steinberg’s algorithm [123] as a subroutine of our algorithm. In 2dimensional bin packing, we are given a list of rectangles R = (R1 , · · · , Rl ), where
rectangle Ri has a width ai and a height bi . Let aL = max{ai |1 ≤ i ≤ l}, bL =
P
max{bi |1 ≤ i ≤ l}, si = ai bi and SL = li=1 si . Then we get the following lemma.
Lemma 3.2.1 [123] If the following inequalities hold
aL ≤ u, bL ≤ v and 2SL ≤ uv − (2aL − u)+ (2bL − v)+
then it is possible to pack the rectangles of R into a rectangle with a width u and a
height v by Steinberg’s algorithm, where x+ = max(x, 0).
Remark. Note that if the height (the width) of any rectangle is at most v/2 (at most
u/2), the rectangles with total area at most (uv)/2 can be packed into a rectangle
(bin) with a width u and a height v.
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Lower bounds

In [16,15], Salzer numbers [115] are used to construct an instance for a lower bound
of 2.691 for the P RAM network topology. We extend the idea to the normal 2-d
mesh topology. The Salzer number ti is defined as follows. t1 = 2, ti+1 = ti (ti −1)+1
P
1
for i ≥ 1. Define h∞ = ∞
i=1 ti −1 > 1.69103.
Theorem 3.3.1 No on-line algorithms can have competitive ratios lower than h2∞ +
1 > 3.859.
Proof. Let k > 0 be an arbitrarily large integer. From the definition of Salzer
P
Q
numbers, we have ki=1 1/ti + 1/(tk+1 − 1) = 1, ki=1 ti = tk+1 − 1. We choose N

c + 1,
such that N > (k + 1)(tk+2 − 1). Consider a mesh N ∗ N. Let Ai = b N
ti
Pk
where ti ’s are Salzer numbers, for i = 1, . . . , k. Set Ak+1 = N − i=1 Ai − 1. Then
N/(tk+1 − 1) > Ak+1 ≥ N/(tk+1 − 1) − (k + 1) > 0.

The job system consists of l levels, where l ≥ k 3 . The (i + (k + 1)(j − 1))-st level

consists of l − (i − 1) − (j − 1)(k + 1) jobs with size (Ai , Aj ), i = 1, · · · , k + 1 and
j = 1, · · · , k + 1. The last l − (k + 1)2 levels form a chain of l − (k + 1)2 jobs with
size (1, 1). At each level, one of the jobs is the predecessor of all jobs of the next
level. Note that jobs at the same level have the same size.
Dependencies are assigned dynamically by the adversary. In the optimal solution,
we first process the available job which is the predecessor of the next level. Then
we divide in height of the mesh into k + 2 shelves. The j-th shelf has a height of
Aj , 1 ≤ j ≤ k + 1, and the (k + 2)-nd (the last) shelf has a height of one. We assign
(Ai , Aj ) into shelf of height Aj and a job of the chain is assigned into a shelf with
height 1. It results in a schedule with length of l. The schedule is illustrated as
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follows.
Time intervals

Jobs scheduled

(0, 1]

{(A1 , A1 )}

(1, 2]

{(A1 , A1 ), (A2 , A1 )}

(2, 3]

{(A1 , A1 ), (A2 , A1 ), (A3 , A1 )}

...

...

((k + 1)2 − 1, (k + 1)2 ] {(A1 , A1 ), (A2 , A1 ), . . . , (Ak+1, Ak+1 )}

((k + 1)2 , (k + 1)2 + 1] {(A1 , A1 ), (A2 , A1 ), . . . , (Ak+1, Ak+1 ), (1, 1)}
...

...

(l − 1, l]

{(A1 , A1 ), (A2 , A1 ), . . . , (Ak+1, Ak+1 ), (1, 1)}

Figure 3.1 shows that the optimal schedule in a unit time interval when k = 2.
Contrary to the optimal schedule, the job which is the predecessor of all jobs in
the next level must be scheduled last among the jobs in the same level by any on-line
scheduler, since all the jobs in a level have the same size and the on-line scheduler
can not distinguish them. Note that N/(tk+1 − 1) > Ak+1 ≥ N/(tk+1 − 1) − (k + 1).
It implies that at most (ti − 1)(tk+1 − 1) jobs of size (Ai , Ak+1 ) can be scheduled
together on the mesh. It is also easy to check that at most (ti − 1)(tj − 1) jobs of size
(Ai , Aj ), (1 ≤ i, j ≤ k + 1) can be scheduled together on the mesh by any on-line
scheduler. Thus the length generated by the on-line scheduler is at least
k+1 X
k+1
X
l − (i − 1) − (j − 1)(k + 1)
e + l − (k + 1)2
d
(t
−
1)(t
−
1)
i
j
j=1 i=1
k+1 X
k+1
X
l − (k + 1)2
≥
+ l − (k + 1)2
(t
−
1)(t
−
1)
i
j
j=1 i=1
k+1
X
= ((
i=1

1 2
) + 1)(l − (k + 1)2 )
ti − 1

Recall that the optimal schedule has a length of l and l ≥ k 3 . For k → ∞, the

competitive ratio of any on-line algorithm can be arbitrarily close to h2∞ + 1.
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Epstein [52] showed that the competitive ratio of any bounded space on-line
algorithm for two dimensional bin packing is at least 2.535 if the items can be
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(A1 ,A3 )

(A2 ,A3 )

(A3 ,A3 )

(A1 ,A2 )

(A2 ,A2 )

(A3 ,A2 )

(A1 ,A1 )

(A2 ,A1 )

(A3 ,A1 )

Figure 3.1: Optimal schedule when k = 2 in a unit time interval
rotated. In the instance eight types of items are introduced. Let δ > 0 be a
sufficiently small constant. Consider square bins of side length 1. Items of type 1
are squares of side length 1/2 + δ; items of type 2 are squares of side length 1/3 + δ;
items of type 3 are rectangles of width 2/3 − δ and height 1/3 + 2δ; items of type 4
are rectangles of width 2/3 − 2δ and height 1/3 + 3δ; items of type 5 are rectangles
of width 11/21 − 4δ and height 10/63 + 2δ; items of type 6 are rectangles of width
32/63 − 4δ and height 31/189 + 2δ; items of type 7 are squares of side length 1/7 + δ;
items of type 8 are tiny squares with total area 361/47628 − Θ(δ). Seven items each
from the first 7 types and all tiny squares from type 8, can fit in a bin since the
items are rotatable. The following figure (Figure 3.2) illustrates how they can be
packed into a bin.

The largest number of rectangles of the same type which can fit into a bin was
shown in [52].
• Type 1: A bin can only contain at most 1 such rectangle.
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1/3 + δ
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1/3 + 2 δ
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10/63 + 2 δ
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1/3 + 3 δ

Figure 3.2: An illustration of packing items from the 8 types
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• Type 2: A bin can only contain at most 4 such rectangles.
• Type 3: A bin can only contain at most 2 such rectangles.
• Type 4: A bin can only contain at most 2 such rectangles.
• Type 5: A bin can only contain at most 8 such rectangles.
• Type 6: A bin can only contain at most 8 such rectangles.
• Type 7: A bin can only contain at most 36 such rectangles.
We now slightly modify the above instance and apply it to our problem. We
update type 8 by removing one tiny square. The removed square is set to be type
9. The squares of type 8 form a set, which is regarded as a single item (but being
packed separately). Add precedence constraints among the jobs: A (critical) job of
type i is the predecessor of all jobs of type i + 1 for i = 1, . . . , 8, and the job of type
9 form a chain. There are l − i + 1 jobs of Type i, for i = 1, . . . , 9, where l > 0 is
an arbitrarily large integer. We can assume that the last scheduled job of Type i
(i = 1, . . . , 8) by any on-line algorithm is the critical job. It is not difficult to prove
the following lower bound.
Theorem 3.3.2 No on-line algorithms can have competitive ratio lower than 3.535
for scheduling on a rotated 2-d mesh.
Proof. It is easy to check that the optimal schedule has a length of l. The length
generated by on-line scheduler is at least
l+

l−1 l−2 l−3 l−4 l−5 l−6
361
+
+
+
+
+
+
(l − 7) + l − 8.
4
2
2
8
8
36
47628

Then the competitive ratio can be arbitrarily close to 3.535 when l → ∞.

3.4
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On-line algorithms

For convenience, in this section we normalize an N1 ∗ N2 mesh as a unit square (bin).
A job Ji , denoted also by (ai , bi ), has a width ai ≤ 1 and a height bi ≤ 1. The work
of a job is defined as the number of requested processors divided by N1 × N2 . In
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other words, the work of job Ji , is the area ai bi of job Ji . The efficiency of a schedule
at any time t is defined to be the number of busy processors at time t divided by
N1 × N2 . Therefore, the efficiency of a schedule at any time can be viewed as the
total work of the jobs in a bin. It is also called the efficiency of the bin. For any
time unit, assigning jobs to the processors on a mesh can be regarded as packing
rectangles into a square bin without any overlap. The resulting makespan by a
schedule is exactly the number of bins used for packing the jobs.
We divide the jobs into big, long, wide and small jobs. A job is called big if both
its width and its height are larger than 1/2. A job is called small if both its width
and its height are at most 1/2. A job is long if its height is larger than 1/2 but its
width is at most 1/2. A job is wide if its width is larger than 1/2 but its height is
at most 1/2.
In the following we first present an (off-line) algorithm, which schedules available
jobs into bins. Then applying this algorithm to the jobs level by level, we get an
on-line algorithm.
Algorithm RP .
1. Group the jobs. In this step we just group the jobs into different bins. The
jobs assigned to a bin are packed in the next step.
• Put big jobs each in a bin.
• Put long jobs with First-Fit to the partially filled bins (by big jobs) if
the total width of the jobs is at most 1. If a long job can not fit in any
of the partially-filled bins, open a new bin for it.
• Open new bins for wide jobs and pack them with First-Fit. A job can be
put to a bin if the total height of the jobs is at most one.
• Consider all partially filled bins with total work of jobs packed less than
1/2. Put small jobs into them with First-Fit as long as the total work of
jobs is at most 1/2. If a small job can not fit in any of the partially filled
bins (i.e., the total work will exceed 1/2 if the small job is put into the
bins), open a new bin for it.
2. Pack the jobs.
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• If a bin contains no small jobs, these jobs can be easily packed into a bin
since either the total height of them or the total width of them is no more
than 1.
• If a bin contains no big job but some small jobs, the total work of the
jobs in this bin is at most 1/2 and either all jobs are not wide or all jobs
are not long. By Steinberg’s algorithm, these jobs can be packed into a
bin.
• If a bin contains a big job as well as some small jobs, this bin can be
packed as follows. Let x be the total width of the big job and the long
jobs (if any). Clearly, x < 1. Otherwise, the total work of them is over
1/2, and no small jobs can be accepted in the step for grouping jobs.
Among the small jobs, let T1 be the ones with width larger than 1 − x
and let T2 be the ones with width at most 1 − x. Place the big job to the
leftmost bottom of the bin. Put long jobs one by one upon the big job
to the left. Put jobs of T1 one by one on the right of the big job. Put
jobs of T2 to the free space above the long jobs by Steinberg’s algorithm.
This free space is exactly a rectangle with width 1 − x and height 1. The
following figure (Figure 3.3) gives an illustration of the packing.
Lemma 3.4.1 The above packing is feasible.
Proof. We only need to consider the last case that a bin contains a big job as well
as some small jobs. Let amax and bmax be the width and the height of the big job,
respectively. Let s(T1 ) be the total work of jobs in T1 . Assume that the total height
of jobs in T1 is larger than 1 − bmax . Then s(T1 ) > (1 − bmax )(1 − x). On the other
hand, the total work of the big job and the long jobs is at least amax bmax +(x−amax )/2.
Let s(B) be the total work of the jobs in the bin.
s(B) > amax bmax + (x − amax )/2 + (1 − bmax )(1 − x)
= 1/2 + amax (bmax − 1/2) + (1 − x)(1/2 − bmax )
= 1/2 + (amax + x − 1)(bmax − 1/2)
> 1/2
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It gives a contradiction. Therefore, the total height of jobs in T1 is at most 1 − bmax .
These jobs can be packed to the right of the big job .
We turn to T2 . Let s(T2 ) be the the total work of jobs in T2 . s(T2 ) < 1/2−x/2 =
(1 −x)/2. In other words, the total work of jobs in T2 is less than the half of the area
of a rectangle with width 1 − x and height 1. The height of any job in T2 is at most
1/2 (they are small jobs) and their width is no more than 1 − x. Using Steinberg’s
algorithm the jobs can be packed into the free space of the bin (a rectangle with
width 1 − x and height 1).

u
t

T2
the long jobs

the big job
T1

Figure 3.3: An illustration of the packing with a big job

In a packing given by algorithm RP , a bin is called a W -bin if it contains wide
jobs, an L-bin if it contains a big job or long jobs, an S-bin if it contains only small
jobs.
Lemma 3.4.2 At a level if m ≥ 3 bins are used, then the total work of the jobs is
at least m/3 − b/12 − 1/2, where b is the number of big jobs of the level.
Proof. We divide the m bins into two groups. G1 consists of L-bins and S-bins,
while G2 consists of W -bins. Let p = |G1 | and q = |G2 |. m = p + q. We first assume
that p 6= 1 and q 6= 1. Consider G1 .
Case 1. There are no big jobs, i.e., b = 0. Except the last bin there are at most
one bin with efficiency less than 1/3. To observe this, if a bin Bi has efficiency less
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than 1/3, then all jobs assigned to the succeeding bins have size larger than 1/6
(otherwise they should have been assigned to Bi ). And any two jobs can be put
into a bin. Therefore except Bi and perhaps the last bin all the other bins have
efficiency larger than 1/3. On the other hand, the sum of efficiency of Bi and the
last bin is more than 1/2. It follows that the total work of the jobs in G1 is more
than (p − 2)/3 + 1/2 = p/3 − 1/6.
Case 2. b ≥ 1. Note that each bin containing a big job has efficiency larger than
1/4. If all the bins containing a big job have efficiency at least 1/3, we obtain the
same bound for the total work of the jobs as in Case 1. Assume that at least one of
such bins has efficiency less than 1/3. Then all the other bins except the last one,
which contain no big jobs, have efficiency larger than 1/3. Moreover, the sum of
efficiency of a bin with a big job and the last bin is larger than 1/2. It implies that
the total work of the jobs is at least (b−1)/4+(p−b−1)/3+1/2 = p/3−b/12−1/12.
Now we consider G2 . Since G2 contains no big jobs, it is easy to obtain, analogously as Case 1, that the total work of the jobs in G2 is more than q/3 − 1/6.
Thus the total work of the jobs in the level is more than (p + q)/3 − b/12 − 1/3 =
m/3 − b/12 − 1/3.
If p = 1, the total work of the jobs is more than q/3 − 1/6 = m/3 − 1/2. If q = 1,
the total work of the jobs is more than m/3 − 1/2 if b = 0, and the total work of
the jobs is more than m/3 − b/12 − 5/12 if b ≥ 1.
By considering all the cases, we conclude that the total work of the jobs is at
least m/3 − b/12 − 1/2.

u
t

Algorithm N2d. Apply algorithm RP to the jobs level by level. As the jobs of
level i have been assigned, start a schedule for the jobs of level i + 1.
Let l be the maximum number of bins used for packing the jobs in a level. Let
ki be the number of levels in which algorithm N2d uses exactly i bins for packing
the jobs, for i = 1, 2, . . . l. Denote by bi the total number of big jobs in the levels
using i bins.
Theorem 3.4.3 The competitive ratio of algorithm N2d is at most 5.25.
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Pl

i=1

iki and
l
X

∗

C ≥

ki .

(3.1)

i=1

Pl

− 1/2) − bi /12).

(iki /3 − bi /12 − ki /2).

(3.2)

By Lemma 3.4.2, the total work of all jobs is at least
Then

∗

C ≥

l
X
i=3

i=3 (ki (i/3

On the other hand, any two big jobs can not be processed at the same time. It
implies that
∗

C ≥

l
X

bi .

(3.3)

i=3

Summing up the inequalities (3.1) multiplying by 2, (3.2) multiplying by 3, (3.3)
multiplying by 1/4, we have
(2 + 3 + 1/4)C ∗ ≥
≥

Pl

i=1

Pl

i=1

2ki +

Pl

i=3 (iki

− bi /4 − 3ki /2) +

iki = CN 2d .

It follows that CN 2d ≤ 5.25C ∗ .

Pl

i=3 bi /4
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Corollary 3.4.4 If there are only small jobs and long jobs (or wide jobs), the
competitive ratio of algorithm N2d is at most 4.
Proof. At a level if i ≥ 2 bins are used, the total work of the jobs at this level is
larger than (i − 2)/3 + 1/2 = i/3 − 1/6. Adopt the same terminology as in the proof
P
of Theorem 3.4.3. We have C ∗ ≥ li=2 (iki /3 − ki /6). Then
3C ∗ ≥

l
X
i=2

(iki − ki /2).

(3.4)

Summing inequalities (3.1) and (3.4) we get
∗

4C ≥

l
X
i=1

ki +

l
X
i=2

(iki − ki/2) ≥

l
X

iki = CN 2d .

i=1
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Corollary 3.4.5 If there are no wide jobs (or no long jobs), the competitive ratio
of algorithm N2d is at most 4.25.
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Proof. At a level if two bins are used, the total work of the jobs at this level is
larger than 1/2. Similarly as the proof of Theorem 3.4.3, we have
l
X
C ≥ k2 /2 +
(iki /3 − bi /12 − ki /3).
∗

(3.5)

i=3

Summing up the inequalities (3.1), (3.5) multiplying by 3, (3.3) multiplying by 1/4,
we have CN 2d ≤ 4.25C ∗.
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Finally we consider the problem of scheduling parallel jobs on a rotated 2-d mesh.
For job Ji = (ai , bi ), we can schedule it on a submesh ai ∗ bi or a submesh bi ∗ ai ,
where the processors at each node are identical.
Algorithm R2d: Rotate the jobs such that ai ≥ bi . Then apply algorithm N2d.
Theorem 3.4.6 The competitive ratio of algorithm R2d is at most 4.25.
Proof. It follows directly from Corollary 3.4.5.
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Chapter 4
On-line scheduling of parallel jobs
in a list on PRAMs
4.1

Introduction and preliminaries

In this chapter we study an on-line problem of scheduling parallel jobs, i.e. problem P | on-line-list, sizej |Cmax . Parallel jobs are characterized by two parameters,
processing time and size (the number of requested machines). Jobs {J1 , J2 , · · · , Jn }
arrive over list, which are not known in advance. Upon arrival of job Ji , its processing
time and the number of machines required become known, and it must immediately
and irrevocably be scheduled. The next job Ji+1 appears only after job Ji has been
assigned. The goal is to minimize the makespan.
Baker and Schwartz [10] presented shelf algorithms, which have a competitive
ratio of 6.99 under the assumption that the processing times of all the jobs are
bounded from above by one. A lower bound 2 on the competitive ratio of any online strip packing algorithm was given by Brown et al. in [23]. It is easy to verify
that it is also valid for PRAM networks.
The first study of the problem P | on-line-list, sizej |Cmax was by Johannes [90],
A 12-competitive algorithm was presented and a lower bound 2.25 was proved with
an enumerating program.
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Our contribution In this chapter, we will improve the upper bound given by
Johannes [90]. We present an on-line algorithm with competitive ratio of 7. Then
we study some special cases, in which we know some a priori information about the
job sizes or job processing times. The first case assumes that jobs arrive in nonincreasing order of processing times. We obtain an upper bound of 2 by employing
a greedy algorithm, which schedules jobs as early as possible. Note that if all job
processing times are equal to one, it becomes the classical bin packing problem, for
which the best known lower bound and upper bound are 5/3 [23,135] and 7/4 [120],
respectively. Next we deal with the second case that jobs arrive in non-increasing
order of sizes. We show that the greedy algorithm has a competitive ratio of at
most 2.75. If all job sizes are equal to one, it is the classical on-line parallel machine
scheduling problem, for which the best known lower bound 1.85358 and upper bound
1.9201 were given by Gormley et al. [71] and, Fleischer and Wahl [64], respectively.
Finally, we study the case that the longest processing time is known in advance,
without loss of generality, it is assumed to be 1. We present an on-line algorithm
with competitive ratio of 4.
We also investigate the schedule where preemption is allowed. we present an
on-line preemptive algorithm for the scheduling of parallel jobs on PRAMs and
Lines. A tight bound 2 − 1/m is proved, where the number of preemptions of

this algorithm is O(n2 ). As far as we know, this is the first result on the problem
P | on-line-list, sizej , pmtn|Cmax .

Preliminaries An instance I of our problem consists of a list of parallel jobs
{J1 , J2 , · · · , Jn } and m identical machines. Each job Jj is characterized by size sj ,
the number of required machines, and processing time pj . Once job Jj appears, its
size sj and processing time pj become known. We use (sj , pj ) to denote job Jj . The
efficiency of a schedule at any time t is defined to be the number of busy machines at
time t divided by m. The average efficiency in disjoint intervals (ai , bi ), i = 1, . . . , l,
is thus defined by
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( total number of busy machines at time t) dt

i=1 ai

m

l
P

.
(bi − ai )

i=1

We adopt the standard measure competitive ratio (see Section 1.1.6) to evaluate
an on-line algorithm.
When job Jj is coming, one can schedule it in a time interval which has a duration
at least pj and during which the number of idle machines is at least sj . The simplest
on-line algorithm is the following greedy algorithm.
Algorithm Greedy: As a job is coming, schedule it as early as possible.
As shown in [90] algorithm Greedy has a competitive ratio of m. The bound
can be obtained with the following example of 2m jobs. Let ε > 0 be a sufficiently
small number. The (2i − 1)-st job is (1, m + (i − 1)ε), while the 2i-th job is (m, ε),
i = 1, . . . , m. Algorithm Greedy processes the job one after another and gives a
makespan of m2 + m(m − 1)ε/2 + mε. However, one can first process the m jobs of
size m and then process the m jobs of size 1 each on a machine. It gives a makespan
of m + (m − 1)ε + mε. The competitive ratio goes to m as ε tends to zero. Figure 4.1
shows the schedule generated by algorithm Greedy and an optimal schedule.
The example tells us that it is not wise to be so greedy. To improve the bound
we may leave some space for the future jobs in case that the current schedule is not
in a ”tight” manner. Johannes [90] designed an on-line algorithm alone this line, in
which the time axis is partitioned into intervals. The length of the first interval I1
depends on the processing time of the first job, and the next intervals Ii always have
a double length of the interval Ii−1 . The jobs are scheduled in different way in some
intervals. It was shown that the competitive ratio of the algorithm is at most 12.
Note that in her algorithm the partition of the time interval is almost independent
on the current schedule. In the next section we propose an improved algorithm
which partitions the time axis into intervals relying on the current schedule. We
prove that the proposed algorithm has a competitive ratio 7.
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J 2m

... ...

J3

J 2m−1

...

Alogrithm Greedy

...

An optimal schedule

Figure 4.1: An illustration of algorithm Greedy and an optimal schedule

4.2

An improved on-line algorithm

A job is called big if its size is larger than m/3, otherwise it is called small. No two
big jobs can be processed at the same time. To present the algorithm more clearly
we show first the structure of the schedule given by the algorithm. The schedule
looks like an aligned house, which consists of rooms and walls. Rooms and walls
appear alternatively. The rooms are constructed by small jobs, while the walls are
constructed by big jobs. A big job is assigned to an old wall or builds a new wall
by itself. A small item is always assigned to a room. The schedule starts from a
wall and ends at a wall. We assume that there is a wall at time zero with a length
(thickness) of zero. In case that the last room has no wall on the right side after
all jobs are scheduled, we add a dummy wall with length of zero starting at the
completion of the last completed job. Therefore the schedule can be described as
W1 ∪ R1 ∪ W2 ∪ R2 ∪ · · · ∪ WN ∪ RN ∪ WN +1 ,
where Wi denotes the i-th wall and Ri denotes the i-th room. The length of wall Wi
is the total processing time of the big jobs involved in the wall. The length of room
Ri is the distance between two walls, more precisely, the time difference between
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the starting time of the wall Wi+1 and the ending time of the wall Wi . The length
of the schedule is the total length of the rooms and the walls.
A wall is open if there are no small jobs scheduled after it and a room is called
open if there is no wall on the right side.
Algorithm DW (Dynamic Waiting)
1. Create a wall (W1 ) of length zero at time zero.
2. If the incoming job Ji is big, i.e., si > m/3, schedule Ji immediately after the
open wall if such a wall exists. If there is no open wall, then there must be an
open room. Let h be the length of the interval of efficiency less than 2/3 in
the open room and let L be the current length of the schedule. Start job Ji at
time of L + h.
3. If the incoming job Ji is small, i.e., si ≤ m/3, find the first room which can
accommodate Ji and schedule Ji as early as possible. If such a room does not
exist, we create a new room for Ji following the present latest wall.
4. If no job comes, add a dummy wall if needed and stop.
An example: There are 10 machines and 9 jobs, where J1 = (3, 1), J2 = (3, 1),
J3 = (2, 3), J4 = (4, 1), J5 = (1, 4), J6 = (1, 6), J7 = (1, 7), J8 = (7, 1), J9 = (6, 1).
The schedule by algorithm DW is shown in Fig. 4.2, where W1 = [0, 0], R1 = [0, 5],
W2 = [5, 6], R2 = [6, 20] and W3 = [20, 22].

J5
J3
J2
J8 J9

J1
0 1

J4
3

5 6

J7
J6
12 13

20

22 time

Figure 4.2: An illustration of algorithm DW
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Lemma 4.2.1 Let S be a schedule by an algorithm A. If the length of the schedule
S can be divided into two parts, one with average efficiency no less than α, 0 < α ≤ 1,
and another with total length of at most β times the optimal makespan, then the
competitive ratio of algorithm A is at most 1/α + β.
Proof. Denote by x the length of the part with average efficiency no less than α
and denote by y the length of another part. Thus CA = x + y. Note that C ∗ ≥ αx
and y ≤ βC ∗ . We have CA = x + y ≤ (1/α + β)C ∗ .

u
t

Theorem 4.2.2 The competitive ratio of algorithm DW is at most 7.
Proof. Let L be the final schedule by algorithm DW , i.e., L = W1 ∪ R1 ∪ · · · ∪
WN ∪ RN ∪ WN +1 . By the algorithm, all rooms consist of small jobs. We divide
room Ri into two time intervals Ei and Fi , where in interval Ei the efficiency of the
schedule is at least 2/3, and Fi = Ri − Ei . Since Ri consists of small jobs, it is easy
to see that Ei precedes Fi .
The idea to prove the bound of 7 is partitioning the time interval of the schedule
L into two classes. In the first class the average efficiency of the intervals is at least
1/3 and in the second class the total length of the time intervals is bounded above
by 4 times the longest job processing time. The theorem thus follows from Lemma
4.2.1.
Note that the efficiency of a wall is larger than 1/3. We only need to consider
the rooms. If all Fi = ∅, the efficiency of the schedule at any time is at least 1/3,
which implies that the competitive ratio is at most 3.
Assume that Fk 6= ∅ and Fj = ∅ for all j < k. If k = N, all intervals but FN have
efficiency at least 1/3. During the time interval FN each machine executes at most
one job. Otherwise the last job can start earlier since the efficiency of the schedule
is less than 2/3 and all jobs in the room are small. By the algorithm, the length of
FN is at most twice the longest job processing time. It proves that the competitive
ratio is at most 5 by Lemma 4.2.1.
Now we assume that k < N. Note that all time intervals before Fk have efficiency
of at least 1/3. We consider the rooms Rj , j = k, . . . , N. For any two adjacent
rooms Ri and Rj (j > i), the jobs scheduled in Rj must have processing time larger
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than |Fi |, the length of Fi . Otherwise, they could have been assigned to room Ri .
Therefore, either Ej = ∅ or |Ej | > |Fi |.
Find those Ej 6= ∅ for j ≥ k + 1. For each of such Ej , we have |Ej | > |Fi |, for
k ≤ i < j. We want to determine some Fi (i ≤ j) such that the average efficiency
of Ej and Fi is at least 1/3. Then the pair of Ej and Fi is called a match and
such an Fi is called matched. Before we start this procedure, all Fi ’s are un-matched
for i ≥ k. Start from the first non-empty Ej (j > k) and continue the following
matching procedure until all non-empty Ej ’s are matched. If |Ej | ≥ |Fj |, we put Ej
and Fj as a match. Otherwise, |Fj | > |Fi | holds for all k ≤ i < j. We put Ej and
the un-matched Fi with the largest index i < j together as a match, and thus Fi is
matched. For each match, it is obvious that the average efficiency is at least 1/3.
We do the matching interval by interval starting from Rk (we do not count Ek )
until all nonempty Ej ’s are matched for j > k. We will show that one of the following
two assumptions must hold during the matching procedure.
1. There is only one un-matched Fi .
2. Re-index the un-matched Fi ’s and denote them by F̄1 , F̄2 , · · · . Then |F̄j+1 | >
2|F̄j |.
Recall that Fk 6= ∅. We start from intervals Rk . Clearly, the assumption 1 holds.
Now we assume that one of the two assumptions is true when we deal with interval
Rp (p ≥ k). Now we consider interval Rp+1 with the following two cases.
Case 1. Ep+1 = ∅. Consider the last un-matched Fq 6= ∅ preceding interval Rp+1 .
The small jobs in interval Rp+1 have processing times greater than |Fq | and the
length of interval Rp+1 is larger than twice of |Fq | when the next wall Wp+2 is
created. Then |Fp+1| > 2|Fq |, where q ≤ p.
Case 2. Ep+1 6= ∅. If there is only one un-matched Fi so far, then either Fp+1 or Fi
matches Ep+1 . Thus there is only one un-matched interval after Rp+1 is considered.
The assumption 1 still holds. If there are more than one un-matched Fi , without
loss of generality, re-index them as F̄1 , F̄2 , · · · , F̄q . By the assumption 2, we have
|F̄j+1| > 2|F̄j |, 1 ≤ j ≤ q − 1. If |Fp+1 | > |Ep+1|, then F̄q and Ep+1 are matched and
Fp+1 is un-matched. We have |Fp+1 | > |F̄q | > 2|F̄q−1 | and now Fp+1 becomes F̄q .
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If |Fp+1| ≤ |Ep+1|, Fp+1 and Ep+1 are matched. The un-matched intervals remain
unchanged.
Finally we get a list of un-matched intervals. Let x be the processing time of
the longest job in the last un-matched interval F̄t . Thus 2x ≥ |F̄t | by the algorithm.
Pt
∗
j=1 |F̄j | < 2|F̄t |. Since C ≥ x, we get that the total length of these intervals is

bounded above by 4C ∗ . Therefore the theorem follows.

u
t

In the following, we will give an instance to show that a lower bound of algorithm
DW is 7, i.e. the bound of this algorithm DW is tight. The instance consists of big
jobs, sequential jobs and block jobs, where a sequential job has a size of one and a
block job has a size of m.
Theorem 4.2.3 The competitive ratio of the algorithm DW is at least 7.
Proof. We assume m is sufficiently large number, without loss of generality, total
number of machines generalized to 1 and all jobs request size no greater than 1. Let
k be a sufficiently large integer and let ε, δ < 1/2k+2 be small positive numbers and
δ > 2ε + 4/m. The first group G0 of jobs consists of 2k+1 big jobs, each with size of
1/3 + ε and processing time 1. Let t = 2k . The next t job groups G1 , · · · , Gt , each
consists of 4 jobs {(1/3 − δ, (1 − ε/i)/2), (1, ε), (1/3 − δ, (1 − ε/i)/2), (4δ, 1 − ε/i)}
The last group Gt+1 of jobs consists of 3k − 1 jobs J1 , J2 , · · · , J3k−1 , where J3i−1

is a big job of (1, ε) and J3i−2 is a small job of (ε, 2i−1 + (2i−1 − 1)ε) and J3i is a

small job of (ε, 2(2i−1 + (2i−1 − 1)ε)), for 1 ≤ i ≤ k. Clearly, p3i+1 = 2p3i−2 + ε, for
1 ≤ i ≤ k − 1. In the schedule generated by algorithm DW we have t + k rooms

and t + k + 1 walls. The total length of the walls is 2k+1 + (t + k)ε. The length of
the room i is less than one, for i = 1, . . . , t, while the length of the t + i-th room is

2p3i−2 , for i = 1, . . . , k. Therefore, CDW = 2k+1 + t + 2k+2 − 2 + O(ε) (see Fig. 4.3).
In an optimal schedule, we can process two G0 jobs at the same time and assign
the small jobs J1 , J4 , . . . , J3k−5 to a machine and the sequential job J3k−2 to one machine, J3 , J6 , J3i , . . . , J3k−6 to one machine and J3k−3 to one machine. the sequential
jobs of groups G1 , . . . , Gt to the left machines between time interval [0, 2k ]. The
big jobs require size 1 are scheduled one by one following the sequential jobs (see
Fig. 4.4). The above schedule is feasible, since 1/3 − δ + 2/3 + 6ε ≤ 1 and 4δt ≤ 1.
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Thus, it shows that C ∗ ≤ 2k + 1 + O(ε).
(2k+1 + 2k+2 + t − 2 + O(ε))
→7
(2k + 1 + O(ε))

CDW /C ∗ ≥

u
t

as k tends to infinity.
Theorem 4.2.3 shows that an asymptotic lower bound of algorithm DW is 7.
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Figure 4.3: The schedule by algorithm DW
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Figure 4.4: An optimal schedule
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Semi on-line problems

In this section, we study the on-line scheduling of parallel jobs problems while some
partial information is known in advance. We will see how the partial information
can affect the schedule.

4.3.1

Non-increasing processing times

In this subsection, we study the case that the jobs arrive in non-increasing order
of processing times. Note that if all the job processing times are equal to one, the
scheduling problem is equivalent to the classical on-line bin packing problem. To see
this, we can always assume that an on-line algorithm starts any job at an integral
time. As far as we know, the best known lower bound and upper bound of classical
on-line bin packing are 5/3 [23,135] and 7/4 [120], respectively. To make the thesis
self-contained, we give an instance to show the lower bound of 5/3. Let k > 0 be
a sufficiently large integer and let m = 6k. There are three groups, each of which
consists of 6 jobs. The jobs of first group I1 are of (k − 2, 1), the jobs of the second
group I2 are of (2k +1, 1), and the jobs of the last group I3 are of (3k +1, 1). Clearly,
C ∗ (I1 ) = 1, C ∗ (I1 ∪ I2 ) = 3 and C ∗ (I1 ∪ I2 ∪ I3 ) = 6. For any on-line algorithm A,
it is easy to verify that
max{

CA (I1 ) CA (I1 ∪ I2 ) CA (I1 ∪ I2 ∪ I3 )
,
,
} ≥ 5/3.
C ∗ (I1 ) C ∗ (I1 ∪ I2 ) C ∗ (I1 ∪ I2 ∪ I3 )

In the following, we analyze algorithm Greedy for the special problem. Note
that Greedy is just F F (First Fit) bin packing algorithm if all job processing times
are equal. It is known that the (absolute) competitive ratio of F F for bin packing
is in between 1.7 [92] and 7/4 [120].
Here we define jobs as big ones if its size is larger than m/2 and small ones
otherwise.
Theorem 4.3.1 The competitive ratio of algorithm Greedy for the on-line parallel
jobs scheduling with non-increasing processing times is at most 2.
Proof. Denote by L the time interval of the final schedule by Greedy. We partition
it into parts according to the efficiency. Let L=B1 , L1 , B2 , · · · , Lk , Bk+1, where Bi
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is the continuous time interval, at anytime of which the efficiency is larger than 1/2,
and Li is the continuous time interval, at anytime of which the efficiency is at most
1/2. To avoid trivial cases we assume that Li 6= ∅, for i = 1, . . . , k and Bi 6= ∅, for
i = 2, . . . , k. Note that it is possible that Bk+1 = ∅. The jobs processed during an
interval Li = [ai , bi ] are small. No jobs start at any time ti ∈ (ai , bi ). If such a job
exists, it would have been scheduled at time ai since at that time there are at least
m/2 machines available. It shows that the length of each Li is at most the longest
processing times among all small jobs. Thus C ∗ ≥ |Li |, for i = 1, 2, . . . , k.
If B1 = ∅, any job scheduled after L1 is big (with a size larger than m/2);
Otherwise, it could have been assigned to interval L1 . Let T be the total length of
the (big) jobs scheduled after L1 . C ∗ ≥ T and C ∗ ≥ |L1 |, while CGreedy = |L1 | + T .
It follows that the competitive ratio of Greedy is at most two. In the following, we
assume that B1 6= ∅.
Consider Li , 1 ≤ i < k. Bi+1 must start with a big job, since, otherwise, a small
job can be scheduled in Li . We denote the big job by Jb with processing time of pb .
The small jobs scheduled in Li+1 arrive after Jb ; Otherwise it would be scheduled in
Li since at that moment at least m/2 machines are idle. The processing time of any
small job in Li+1 is at most pb but larger than |Li |. It shows that pb > |Li |. Then
the average efficiency over the intervals Li and Bi+1 is at least 1/2.
Now we consider the interval Lk together with B1 . Denote the longest job in
Lk by Jn with processing time pn . Thus Jn is a small job and |Lk | ≤ pn . At the
moment that Jn comes, Jn can not be assigned to B1 . Note that the jobs arrive
in non-increasing order of processing times. The jobs, which have been assigned
to start at time zero before Jn comes, have processing times at least pn . Then
|B1 | ≥ pn ≥ |Lk |. We have the average efficiency over B1 and Lk of at least 1/2.
Combining all the cases considered above, we conclude that the average efficiency
of the schedule is at least 1/2, which implies the competitive ratio of algorithm
Greedy is at most 2.

u
t
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Non-increasing job sizes

In this section, we deal with the case that jobs arrive in non-increasing order of sizes.
The classical on-line scheduling problem which jobs require exactly one machine is a
special problem of our case, if we assume that the job sizes are equal to one. To our
knowledge, the currently best lower bound and upper bound are 1.85358 [71] and
q
2
1 + 1+ln
< 1.9201 [64], respectively. In the following, we first analyze algorithm
2

Greedy, which is identical to LS (List Scheduling) for the classical schedule problem.
We show that it is 2.75-competitive and present a lower bound of 2.5.
Theorem 4.3.2 Algorithm Greedy is 2.75-competitive.
Proof. Consider the schedule generated by algorithm Greedy. Let x be the length

of the schedule during which a big job is processed. Then C ∗ ≥ x. Denote by t
the starting time of the last job Jn with processing time pn , which determines the
makespan. If t = x, we get that CGreedy ≤ 2C ∗ . Consider the time interval [x, t).
The jobs starting in this interval are small. If the efficiency at some time g in [x, t)
is less than 2/3, any job starting at or later than g must have a size larger than m/3.
Then the size of any earlier job starting in the time interval [x, g) is larger than m/3
too. It shows that two such jobs can be scheduled together and the efficiency must
be larger than 2/3. It is a contradiction. Therefore, the efficiency in the interval
[x, t) is at least 2/3. Let y = t − x. We have C ∗ ≥ x/2 + 2y/3 and C ∗ ≥ pn . On the
other hand, CGreedy = x + y + pn . The theorem is proved with the following cases:
Case 1: y ≤ 43 x. In this case, CGreedy ≤ 47 x + pn ≤
Case 2: y >

3
x.
4

In this case,

7 ∗
C
4

≥

7
x
8

Combining with C ∗ ≥ pn , we get CGreedy ≤

11 ∗
C .
4

+ 76 y = x + y + 61 (y − 34 x) > x + y.

11 ∗
C .
4

u
t

Theorem 4.3.3 The competitive ratio of algorithm Greedy is at least 2.5.
Proof. Let k > 0 be a sufficiently large integer. Let m = 3 · 2k and N = 2k−2. We

are given 6 job groups {G1 , G2 , · · · , G6 }. Group G1 consists of N jobs of (3 · 2k−1 +

N, 1), (3 · 2k−1 + N − 1, 1), · · · , (3 · 2k−1 + 1, 1). G2 consists of two identical jobs of
(3 · 2k−1, 1/N). G3 has N jobs of (3 · 2k−1 − 1, 1/N), (3 · 2k−1 − 2, 1/N), · · · , (3 · 2k−1 −

N, 1/N). G4 has N identical jobs of (2k + 1, 1). G5 consists of three identical jobs
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of (2k , 1). Finally, G6 has only one job of (1, N + 1/N). Clearly the jobs arrive in
non-increasing order of sizes.
By algorithm Greedy, the jobs in G1 are processed one by one. Then the two
jobs in G2 start at time N. The i-th job in group G3 starts at time N − i, for
1 ≤ i ≤ N. In the time interval [0, N], the longest idle time of the machines is
1 − 1/N. Then the G4 jobs are scheduled in the interval [N + 1/N, 3N/2 + 1/N],
where two G4 jobs are processed together at each unit time. The three G5 jobs start
at time 3N/2 + 1/N. The last job (from G6 ) can only start at 3N/2 + 1 + 1/N.
Thus CGreedy = 5N/2 + 1 + 2/N (see Fig. 4.5).
However, we can schedule jobs of G1 , G4 and G6 by time N + 1/N. Each two
of the jobs of size 1/N (G2 and G3 jobs) can be processed at the same time. The
three jobs of G5 are scheduled together at time N + 2/N + 1. It implies that
C ∗ ≤ N + 2/N + 2 (see Fig. 4.6). Thus,
CGreedy /C ∗ ≥ 5/2,
u
t

as k tends to infinity.




































































































































































































...

G1



...

G4































G2

G3 G5

G6

Figure 4.5: The schedule by algorithm Greedy

4.3.3

Known longest processing time

In this section, we investigate the problem with known partial information. The
longest processing time of all the jobs is known in advance. Without loss of generality, we assume that pj ≤ 1, j = 1, 2, . . . , n and the there exists some 1 ≤ k ≤ n such
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Figure 4.6: An optimal schedule
that pk = 1. We distinguish jobs as big ones and small ones as in the Section 4.2.
The definitions of wall and room are also the same as those in Section 4.2.
Algorithm F R (Fixed Room)
1. Create a wall (W1 ) of length zero at time zero. Then run the following procedure as a new job is coming.
2. If the incoming job Ji is big, i.e., si > m/3, schedule Ji immediately following
the open wall.
3. If the incoming job Ji is small, i.e., si ≤ m/3, find the first room which can
accommodate Ji , and schedule Ji as early as possible. If such a room does not
exist, we create a new room for Ji following the present latest wall such that
the length of this new room is exactly 1. Add a dummy wall at the end of this
new room.
Theorem 4.3.4 The competitive ratio of algorithm F R is at most 4.
Proof. The algorithm is also feasible for small jobs, since the processing times of
all the jobs are bounded from above by one, and thus the new room is big enough
to accommodate a job. Similarly as the proof of Theorem 4.2.2, let L be the final
schedule by algorithm F R, i.e., L = W1 ∪ R1 ∪ · · · ∪ WN ∪ RN ∪ WN +1 . By the
algorithm, all rooms consist of small jobs. We divide room Ri into two time intervals
Ei and Fi , where in interval Ei the efficiency of the schedule is larger than 2/3, and
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Fi = Ri − Ei . Since Ri consists of small jobs, it is easy to see that Ei precedes Fi .
Note that |Ri | = 1, for 1 ≤ i ≤ N.
Notice again that the efficiency of a wall is larger than 1/3.
Case 1. N = 1. The length of time interval with efficiency less than 1/3 is at most
|R1 |. Since C ∗ ≥ 1, the competitive ratio is at most 4 by Lemma 4.2.1.
Case 2. N = 2. Let x be the total length of walls. Thus C ∗ ≥ x/2, since no
three big jobs can be processed at the same time. On the other hand, we have
C ∗ ≥ 1 since there exists pk = 1. In this case, CF R = x + 2. If x ≤ 2, we have

CF R /C ∗ ≤ (x + 2)/1 ≤ 4. If x > 2, then CF R /C ∗ ≤ (x + 2)/(x/2) = 2 + 4/x ≤ 4.

Case 3. N ≥ 3. Note that if |Ej | ≥ 1/2, then the average efficiency of the time
interval Rj is at least 1/3. For any 1 ≤ j < N − 1, we have |Ej | =
6 ∅, otherwise the
jobs in room RN will be scheduled to Rj . For any pair of indices j and j + 1, the
minimum length of jobs in Rj+1 is at least |Fj |, otherwise this job can be assigned to
room Rj . Thus we have |Ej+1| > |Fj | for any 1 ≤ j ≤ N − 2, which implies that the
average efficiency of these two rooms is at least 1/3. Hence the lemma follows if N
is an odd number. Now we assume that N = 2q, where q ≥ 2. Find the first j such
that |Ej | < 1/2, 1 ≤ j ≤ N − 1. If no such j exists, the lemma follows immediately.
In the following we will show that at most one such time interval exists. Since j is the
first time interval such that |Fj | > 1/2, then for any job scheduled in room p, where
j < p ≤ N − 1, its length is larger than |Fj |, which implies that |Ep | > |Fj | > 1/2.
At the same time, the average efficiency of the two time intervals Rj and Rj+1 or
Rj and Rj−1 is at least 1/3. Therefore the average efficiency of the time intervals
except room RN is at least 1/3. Then the theorem follows by Lemma 4.2.1.

u
t

Theorem 4.3.5 The competitive ratio of algorithm F R is at least 4. Thus the
bound for algorithm F R is tight.
Proof. Consider the following instance. Let ε be a sufficiently small positive number. The first two jobs J1 and J2 are of (bm/3c + 1, 1). The next 4 jobs J3 , . . . , J6
are small. The total size of them is m and each has a processing time of ε. Job J7
is (m, ε) and the last job J8 is (1, 1).
By the algorithm, we schedule the first two jobs J1 , J2 individually, which are
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followed by J3 , . . . , J6 . Jobs J7 is scheduled at time 3. Since the last job can not be
assigned to room R1 , J8 is scheduled at time 3 + ε. Thus, CF R = 4 + ε (see Fig. 4.7).
In an optimal schedule, we can assign J1 , J2 , J8 at time zero and the small jobs
J3 , . . . , J6 at time 1. Thus, C ∗ = 1 + ε (see Fig. 4.8).
CF R /C ∗ ≥

4+ε
→ 4.
1+ε
u
t
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Figure 4.7: The schedule by algorithm F R
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Figure 4.8: An optimal schedule
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Preemptive algorithm on PRAMs and lines

In this section, we will give an algorithm for the preemptive online scheduling of
parallel jobs problem on PRAMs. Because we always assign jobs on consecutive
machines, the algorithm also valid for the line topology.
Mathematically, the system can be viewed as a 2-dimensional bin with width
m and infinity height, where the width (vertical dimension) corresponds to the
machines and the height (horizontal dimension) corresponds to a time axis.
Algorithm F F P (First Fit with Preemption)
1. Schedule the first job J1 at time t = 0 to the leftmost on the top.
2. Scan and Partition: Scan the current schedule from the left to right, make a
snapshot at each time point at which some job is completed. Denote them by
t1 , t2 , . . . , tk respectively. Then partition the schedule into k + 1 blocks B(j),
j = {1, . . . , k + 1}, where
• B(1) = (0, t1 ].
• B(i) = (ti−1 , ti ], 1 < i ≤ k.
• B(k + 1) = (tk , ∞).
3. First Fit: For each incoming job Ji of (si , pi ), assign it to the available block
B(j) of lowest index to the leftmost on the top if there is enough free space
and pi ≤ |B(j)| = tj − tj−1 . If the processing time pi is greater than the length
of this block, then we do preemption and assign this job with length |B(j)|
to the leftmost on the top in B(j). Consider the next blocks and assign the
preempted job recursively until it is completely scheduled.
An Example: Let m = 7 and the list of jobs be J = {J1 , . . . , J5 }, where J1 = (1, 1),
J2 = (2, 2), J3 = (3, 0.5), J4 = (2, 1), J5 = (2, 2). The schedule by algorithm F F P
is shown in Fig. 4.9.
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Figure 4.9: An illustration of algorithm F F P
Theorem 4.4.1 The competitive ratio of algorithm F F P is 2 − 1/m. Moreover,

the number of preemptions is O(n2 ).

Proof. The lower bound of the algorithm is obvious, since F F P is equivalent to
the list scheduling algorithm [72] if all job sizes are one.
Now we prove the upper bound. Denote ALG and OP T to be the makespan
produced by algorithm F F P and the makespan given by an optimal off-line algorithm, respectively. Let s ≥ 1 be the minimum number of busy machines during
the whole schedule. If s ≥ (m + 1)/2, then the upper bound 2 − 1/m follows. In
the following, we assume that s < (m + 1)/2. Then 2s < m + 1, i.e., 2s ≤ m. It
implies that two jobs with size of at most s can be processed simultaneously. Let
Is be the time interval during which there are s busy machines. Let Jk be the job
with an earliest starting time among all jobs that are fully or partly executed in Is .
The staring time and completion time of Jk are denoted by t1 and t2 , respectively.
Clearly Is ⊆ [t1 , t2 ]. Note that the size of Jk is at most s and thus not larger than
m−s. Then the number of busy machines is always at least m−s + 1 before time t1 .
Any job starting after Is must have a size larger than m − s. More precisely at any
time when Jk is not processed, the number of busy machines is at least m − s + 1.
The length of the schedule, during which the number of busy machines is at least
m − s + 1, is ALG − pk .
Clearly, OP T ≥ pk . On the other hand, OP T is not less than the total work
divided by m. That is
OP T ≥

s
m−s+1
(ALG − pk ) + pk .
m
m
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m
ALG,
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we have
OP T ≥ pk ≥

m
ALG,
2m − 1

then
RF F P =
If pk ≤

m
ALG,
2m−1

ALG
≤ 2 − 1/m.
OP T

it is easy to verify that the minimum value of

pk ) + ms pk is reached when s = 1 and pk =

m
ALG.
2m−1

m−s+1
(ALG
m

−

Thus the competitive ratio is

at most 2 − 1/m.

Finally we show that the number of preemptions is O(n2 ). For each job, we

need to scan the current schedule and make a snapshot. However, the snapshot
made only when some job is completed. Then k ≤ n holds in the second step of

the algorithm F F P . This implies that there are no more than O(n2 ) preemptions
during the whole schedule.

u
t

Chapter 5
Scheduling malleable parallel jobs
on 2-dimensional meshes
In this chapter we study the malleable parallel jobs scheduling problem. We will
present an asymptotic fully polynomial time approximation scheme when the number of machines is sufficiently large.

5.1

Introduction

We study the problem of scheduling a set of independent malleable parallel jobs
(MPJ) J = {J1 , J2 , . . . , Jn } on a given m × m 2-dimensional mesh. Each job Ji
requires ai × bi submesh to process it simultaneously. The processing time of a
job Ji is a function of the set of machines allotted to it, i.e., pj : D → R+ , where

D = {1 × 1, . . . , 1 × m, . . . , m × 1, . . . , m × m}. If ai × bi machines allotted to job
Ji , then the processing time is denoted by pj (aj × bj ). The ai × bi machines are
required to execute job Ji in union and without preemption, i.e., they have to start
processing job Ji at some time τi and complete it at time τi + pi (ai × bi ). Our goal
is to minimize the makespan, i.e.,
max {τj + pj (aj × bj ), j = 1, 2, . . . , n}.
This problem can be denoted by P | 2-d mesh, f ctnj |Cmax .
Assume that the malleable parallel jobs are under the monotonic property, which
arises from the usual behaviour of parallel programs(cf. Cosnard and Trystram [36]),
63
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and Blayo, Debreu, Mounié, Trystram [17] have shown these assumptions to be
realistic in implementing actual parallel applications.

Monotonic malleable jobs:
1. The processing time pj (aj ×bj ) of a malleable job Jj is a non-increasing function
def

of the number sj = aj ∗ bj of machines executing the job.
def

2. The work wj = aj ∗ bj ∗ pj (aj × bj ) of a malleable job Jj is a non-decreasing
function of the number sj of machines executing the job.
The first monotonic property means that adding more machines for processing
a malleable parallel job will not increase the processing time. The second property
reflects that the work will not decrease by adding more machines, which may due
to the communication between machines.
Known Results For the parallel jobs scheduling problem on PRAM network
topology, Jansen and Porkolab [85] studied the case when there is only a constant
number of machines and presented polynomial-time approximation schemes (PTAS)
for both malleable and non-malleable parallel jobs which run in O(n) time. For the
case m is not fixed, Jansen [83] investigated the problem P |f ctnj |Cmax on PRAM,
Line and Hypercube and presented an asymptotic fully polynomial-time scheme
(AFPTAS) for the malleable parallel jobs. Kenyon and Remila [94] provided an
asymptotic fully polynomial-time scheme for the strip packing problem under the
assumption that the each rectangle has height at most 1.
To our best knowledge, the best currently absolute approximation ratio is 3/2+ε
(for any fixed ε > 0) for the malleable parallel jobs scheduling with the monotony
assumption [107]. The best known absolute approximation ratios are 2 for the
problem of scheduling non-malleable parallel jobs on the network topologies PRAM,
Line, and Hypercube [123,116,30].
Lepère, Trystram and Woeginger [103] studied the malleable parallel jobs under
precedence constraints. A polynomial time approximation algorithm with worst-case
√
ratio close to (3 + 5)/2 for the special case of series parallel precedence constraints
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and for the special case of precedence constraints of bounded width. For the general
√
case, the worst-case ratio is (3 + 5) ≈ 5.236. Jansen and Zhang in [88,89,137]
proved the general case with ratio to at most 4.73. They also provided a 3.29approximation algorithm when the work function is convex in processing time, or
when the speedup function (the inverse of processing time) is concave in number of
machines.
In the following, we will study the problem when there is a large resource available, i.e., m is sufficiently large. Furthermore, we assume that the largest processing
time of any job is bounded from above by 1.

5.2

Preemptive schedules

In this section we study the preemptive version of the problem on 2-dimensional
meshes. Each job can be preempted at any time and restarted later possibly on a
different set of machines, i.e., the migration is allowed, which is that each job may
be assigned to different machine sets during different execution phases.
Given any schedule of the parallel jobs, if we snapshot at instant t, we see a
certain set of jobs, which are all being processed at t. Then we consider the configurations, which correspond to collections of the jobs which can be processed simultaneously on the specific network topology at time t. With a linear program
similar as [83], our preemptive malleable scheduling problem which denoted by
P | 2-d mesh, fctnj , pmtn|Cmax can be formulated as follows.

min

X

xf

f ∈F

subject to
xf ≥ 0,

P

1
sk ∈D pj (sk )

P

f ∈F :|f −1 (j)|=sk

xf ≥ 1, j = 1, . . . , n

(5.1)

∀f ∈ F.

The set F denotes the set of all configurations. The variable xf denotes the
length of configuration f in the schedule and |f −1 (j)| is the set of machines allotted
to job Jj in the configuration f .
Denote LinM (I) to be the optimum value of the linear program (5.1). The same
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as [83], we can get a preemptive schedule of length at most (1 + ε)LinM (I) for any
given ε > 0.

5.3

Converting the preemptive schedule

In this section, similar to Jansen [83], we show how to convert a preemptive schedule
into a non-preemptive schedule. Firstly, we compute an unique machine allotment
for almost all jobs. Then convert the preemptive schedule to a non-preemptive
schedule without losing too much of the quality of the schedule.
Let pmax = maxj maxl∈D pj (l). For each job Jj ∈ J, let xj,l =

1
pj (l)

P

f ∈:|f −1 (j)|=l

xf ∈

[0, 1]. Let Lbig be the set of job Jk with the number of required machines sk ≥ ε0 m2

and the remaining jobs consist Lsmall , where ε0 will be specified late. Then we construct an instance of strip packing problem with rectangles (xj,l pj (bl/mc), bl/mc)
for the set Lbig . We put the rectangles of Lbig on a left-justified stack by order of
non-increasing width. Let H := H(Lbig ) be the height of the stack. Consider the horizontal lines y = iH/M where M is a later specified constant and i ∈ {1, . . . , M −1}.
Let ai and bi be the smallest and largest width of group i, respectively. Let Wj,i be
the set of widths in group i corresponding to task Jj . Compute the total volume of
P P
the set Lsmall , V olumesmall = nj=1 l∈D,l≤ε0m2 xj,l pj (l)l. We put the jobs in Lsmall
P
in group 0. For each group i ∈ {0, 1, . . . , M} and job Jj let zj,i = w:w∈Wj,i yj,i(w)
be the fraction of job Jj executed in group i, where yj,i is the fraction of job Jj with
width w executed in group i.
Thus, we do the following steps to get unique machine numbers for nearly all
the jobs.
1. For each group i ∈ {1, 2, . . . , M} and job Jj with at least two widths in group
i: Let lj,i be the smallest number of required machines among them. Then
replace the rectangles corresponding to job Ji in group i by (zj,ipj (lj,i), lj,i).
2. For each job Jj with at least two widths in group 0: replace all rectangles
correspond to to job Jj in group 0 by (zj,0pj (1), 1).
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3. Round all jobs over the groups using a general assignment problem:
Pn

j=1 zj,0 pj (1)

Pn

≤ V olumesmall

j=1 zj,i pj (lj,i )

PM

i=0 zj,i

≤ H/M

=1

i = 1, . . . , M
j = 1, . . . , n

zj,i ≥ 0

j = 1, . . . , n, i = 1, . . . , M

With same analysis as in [83], one can round the variables zj,i so that there are at
most M fractional variables. Then we obtain a rectangle packing instance with a set
0
0
L0big = {(pj (lj,i), lj,i)|zj,i
= 1, i > 0} of big jobs and a set of L0small = {(pj (1), 1)|zj,i
=

1, i > 0}.
We construct two sets of instance inf (L) and sup(L) for a given set L of rectangles [94], which rounding each rectangle in group i up to bi generates sup(L) and
down to bi+1 generates inf (L). Thus we adopt the fractional strip packing algorithm
as in [83] for the set sup(L0big ), which has at most M distinct widths. The fractional
strip packing can be solved approximately within ratio (1 + δ) for any given δ > 0.
Moreover, we put the big rectangles into the space generated by the non-zero basic
variables. For the small rectangles, we just use a modified next fit decreasing height
(MNFDH) [94] to place it and schedule the left jobs at the end of the generated
schedule one after one.
Finally, the detailed algorithm for our problem works as follows.
1. Solve the linear program (5.1) approximately with the ratio (1 + ε).
2. Set M = (1/ε0)2 , ε0 = δ/(δ + 2), δ ≤ min (1, ε/8).
3. Compute the value xj,l =

1
pj (l)

P

f ∈:|f −1 (j)|=l

xf ∈ [0, 1] for easy job j and l ∈ D.

4. Construct an instance of strip packing with rectangles (xj,l pj (bl/mc), bl/mc)
for xj,l > 0, and let Lbig be the set of job Jk with the number of required
machines sk ≥ ε0m2 and the left jobs consist Lsmall .
0
=
5. Use the rounding technique to obtain a strip packing instance L0big = {(pj (lj,i ), lj,i)|zj,i
0
= 1, i > 0} and set F = {Jj |zj,i ∈
1, i > 0}, L0small = {(pj (1), 1)|zj,i

(0, 1) f or at least one i ∈ M}.
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6. Construct instance sup(L0big ) with a constant number M of distinct widths.
7. Solve the fractional strip packing problem for sup(L0big ) with ratio (1 + δ) and
round the solution to obtain only M non-zero variable xj .
8. Place the width rectangles of L0big into the space generated by the non-zero
variables xj .
9. Insert the narrow rectangles of L0small using modified next fit decreasing height.
10. Schedule the jobs in F at the end.

5.4

Analysis of the algorithm

We prove the correctness of our algorithm and the bound 1 + ε. It is worth noticing that the crucial difference between our problem and the problem on PRAM
network [83] is the way to convert the preemptive schedule into a non-preemptive
schedule. Actually, the difference lies in the first step of converting preemptive
schedule.
In the following, we show that the method we have proposed is still valid for
the converting step. Recall that all the malleable jobs are under the monotonic
assumption. We now consider the case that job Jk have two different allotments,
ai × bi and aj × bj . If the number si = ai ∗ bi is equal to the number sj = aj ∗ bj ,
i.e., si = sj . We have pk (ai × bi )ai ∗ bi ≤ pk (aj × bj )aj ∗ bj and pk (ai × bi )ai ∗ bi ≤
pk (aj × bj )aj ∗ bj , thus pk (ai × bi ) = pk (aj × bj ). This implies that the processing
time of job Jk only depends on the number of machines. Therefore, we can change
the shapes of rectangle which job Jk is allotted in any form when the area of the
rectangle is kept.
For any s > εm2 and m ≥

1+ε
,
ε2

we have

s
s−m

≤ 1 + ε. Thus, for any job

Jk with required number of machines sk ≥ ε0 m2 , i.e., the big job. We change
their shape into the form m × bsk /mc. Therefore, the processing time of job Jk

may increase. However, the extension of processing time of job Jk is bounded by
ratio 1 + ε0 , since the number of machines assigned to job Jk shrank at most m,
which implies that the extension of the processing time is within the factor

s
s−m

≤

5.4. Analysis of the algorithm

69

1 + ε0 , due to the monotonic assumption. Thus, our problem can be regarded
as the problem scheduling on the PRAM network. However the extension of the
total processing time is not larger than the ratio 1 + ε0 , since for such a problem,
Jansen [83] have proposed a nice algorithm that converts the preemptive schedule
into a non-preemptive schedule with at most 1 + ε factor of the optimum. Note
that, the running time of our algorithm is the same as the one in [83] for PRAMs.
Thus,we obtain the following theorem.
Theorem 5.4.1 For any given ε > 0, there exists an asymptotic fully polynomialtime scheme (AFPTAS) for the problem P | fctnj |Cmax on an m × m 2-dimensional
mesh with monotonic parallel jobs, where the job processing times are at most 1
and m = Ω(1/ε2 ). The running time of this algorithm is O(n2 (ln n + ε−2) ln(nε−1 ) +
ε−4 max{M(ε−2 ), ε−3 ln(ε−1 )}).

Chapter 6
Maximizing the throughput
In this chapter we consider off-line problems by dealing with the parallel jobs scheduling where its objective is to maximize the throughput. In Section 6.1, we study the
problem of scheduling parallel jobs on hypercubes. In Section 6.2, we study the
problem of scheduling parallel jobs with distinct release dates and due dates on two
identical machines.

6.1

Scheduling parallel jobs on hypercubes

In this section we address the scheduling problem on hypercubes. The problem can
be described as follows. A set J = {J1 , J2 , · · · , Jn } of n jobs and a m-dimensional
hypercube. Each job Ji has a unit processing time pi = 1, an integral due date
di and a size (the number of requested machines) si of x-dimensional hypercube,
where 0 ≤ x ≤ m. A m-dimensional hypercube has N = 2m machines where two
machines are directly connected if their binary representations differ by exactly one
bit. Available job-types include all x-dimensional subcubes for x ≤ m. Here we
assume that all jobs are available at time zero. The objective is to maximize the
P
throughput
Ūi , where Ūi = 1 if job Ji is completed before or at time di , and

Ūi = 0 otherwise. A job Ji is called early if it meets its due dates di (Ūi = 1), and
lost (Ūi = 0) otherwise. A lost job will not be scheduled. Use the standard notation
P
scheme by Graham et al. [74], our problem is denoted as P |cubei, pi = 1| Ūi .
Note that for the throughput objective the parallel jobs scheduling problems
70
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have been studied if the network topology is a PRAM, dedicated, or 2-dimensional
meshes. In this chapter, we concentrate on the network topology of hypercube. It is
P
easy to show that P |cubei| Ūi is NP-hard, even for the case that there are only

two machines and all jobs have a common due date. Therefore, it is significant to
study the UET (unit execute time) job system that pi = 1. We present an optimal
P
algorithm for the problem P |cubei , pi = 1| Ūi , which runs in time of O(n2 log n).
An instance I of our problem consists of a list of parallel jobs J = {J1 , J2 , · · · , Jn }

and an m-dimensional hypercube. We use (si , di) to denote job Ji . Our goal is to
schedule all the jobs on the hypercube network to maximize the throughput, i.e.,
the number of early jobs.
An x-dimensional subcube is normal if the binary representations of all machines
only differ in last x bits, which implies that if two normal subcubes intersect then
one of them is a subcube of another. To avoid fragmentation, we only use normal
subcubes.
The problem of scheduling a set of available jobs at each unit time interval can be
regarded as a one dimensional bin packing problem, where jobs (with unit processing
time) as items, the number of requested machines as sizes of items, the unit time
slot as a bin. Note that all the job sizes and the capacity of the bin are power of 2.
Algorithm MDS
1. Sort the jobs in nonincreasing order of due dates (ties broken in favor of
the smallest size). Without causing any confusion, we still denote by J =
{J1 , J2 , · · · , Jn } the list of jobs after sorting. Then di ≤ dj if i ≤ j, and
si ≤ sj if di = dj and i ≤ j.
2. Let L = ∅ and denote by sch the current schedule.
3. Pick the jobs one by one from the ordered list J and schedule them as early as
possible. If it fails to schedule job Ji , i.e., it can not be scheduled to complete
by its due date di , we do following rearrangement. Denote by Jk the job with
the largest size in the current schedule sch.
• If si ≥ sk , then job Ji is called a rejected job and is dropped to set L.
S
L = L {Ji }.
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• Otherwise, we replace job Jk with job Ji from the schedule. Then job Jk
S
goes to the set L and L = L {Jk }. Jk is called a removed job and Ji

is called a replacing job, respectively. Moreover, we re-schedule jobs in

sch which start after Ji in the following manner: assign them as early as
possible under the same order in J.
Remark. During the step of rescheduling jobs in algorithm MDS, there are no
more lost jobs produced. The lost jobs in L will not be processed.
Note that scheduling jobs as early as possible can be viewed as the FF(First
Fit [91]) bin packing algorithm if all job processing times are equal to 1.
Let I1 , I2 , · · · , Iz be the unit time slots in the schedule generated by the algorithm
MDS, during which there are still idle room (some machines are idle). Denote by
Idle(It ) the total idle room in It , for t = 1, 2, . . . , z. Without loss of generality, we
assume that 1 ≤ z ≤ dn , where dn is the largest due date.
Lemma 6.1.1 For any 1 ≤ t ≤ z, if 2k is the size of the smallest job in the time

slot It , then Idle(It ) ≥ 2k .

Proof. Besides the job with the smallest size, assume the other jobs in time slot
It to be Jp1 , Jp2 , · · · , Jpq with sizes 2k1 , 2k2 , · · · , 2kq , respectively. We know ki ≥ k,
P
P
1 ≤ i ≤ q. Then, qi=1 2ki can be divided by 2k . From Idle(It ) = 2m −2k − qi=1 2ki ,
we know Idle(It ) must be divided by 2k , which implies the lemma.

u
t

Lemma 6.1.2 For any 1 ≤ i < j ≤ z, let job Jp (sp , dp ) and job Jq (sq , dq ) to be
the jobs with smallest size in time slot Ii and Ij , respectively. Then we have sp < sq .
Proof. Since j > i, by the algorithm MDS, job Jq can not be assigned to time slot
Ii , thus, sq > Idle(Ii ). By Lemma 6.1.1, we have Idle(Ii ) ≥ sp . Then sp < sq .

u
t

Lemma 6.1.3 For any 1 ≤ t ≤ z, if job Jp with size 2k can not be assigned to time

slot It , in which the smallest job size is 2j , then Idle(It ) ≤ 2j + 2j+1 + · · · + 2k−1.

Proof. Clearly Idle(It ) < 2k . To prove the lemma, we do the following things.
Combine the jobs in It with same size, e.g., if there are two jobs with same size
2q , then we regard them as one job with size 2q+1 . Repeat these procedures until
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all jobs in time slot It have distinct sizes, which are assumed to be 2j1 , 2j2 , · · · , 2jh ,

j1 < j2 < · · · < jh ≤ m − 1. Since the smallest job size in It is 2j , we have j ≤ j1 .
Note that
m

j

2 =2 +

m−1
X

2i

i=j

and the number of busy machines in It is
2 ≤ i ≤ h, we have
m

Idle(It ) = 2 −

h
X
i=1

ji

j

2 =2 +

c
X
i=1

Ph

i=1

2ji . From j1 ≥ j and ji > ji−1 ,

0

2ji , where j ≤ j10 < j20 < · · · < jc0 ≤ k − 1.

Notice that j10 , · · · , jc0 will not be continuous if j10 = j, otherwise, we will have

Idle(It ) ≥ 2k , which is a contradiction. Then we obtain that Idle(It ) ≤ 2j + 2j+1 +
· · · + 2k−1 .

u
t

Lemma 6.1.4 Let dx be the end time point of interval It for 1 ≤ t ≤ z. If job
P
Jf (sf , df ) has size of sf > Idle(It ) and due date of df ≥ dx , then tp=1 Idle(Ip ) < sf ,
i.e., the total idle room of the schedule before dx is smaller than sf .

Proof. Let sf = 2k . Assume that 2ji to be sizes of the jobs with smallest size in time
slot Ii , respectively, 1 ≤ i ≤ t. By Lemma 6.1.2, we have 0 ≤ j1 < j2 < · · · < jt .
Since jobs in time slot Ip can not be assigned to time slot Ip−1 , 2 ≤ p ≤ t, and by
Pk−1 p
Pjq+1−1 p
Lemma 6.1.3, we get Idle(It ) ≤ p=j
2
and
Idle(I
)
≤
2 , 1 ≤ q ≤ t − 1.
q
p=jq
t
Pk−1 p Pk−1 p
P
P
p
2 ≤ p=0 2 . Recall that 2k = 1+ k−1
Then tp=1 Idle(It ) ≤ p=j
p=0 2 . Therefore
1
Pt
k
u
t
p=1 Idle(Ip ) < 2 = sf .
Lemma 6.1.5 If a removed job Jp (sp , dp ) in the lost set is replaced by an early job
Jq (sq , dq ), then no job in the interval (0, dq ] of the schedule sch has size larger than
sp and the total idle room in the interval (0, dq ] of the schedule sch is less than sp .
Proof. Since Jq is a replacing job, then sp is no less than the largest size of early
jobs in the interval (0, dq ] by the algorithm. Note that Jq need to replace Jp , by
the Lemma 6.1.4, we have before this replacement the total idle room x in interval
(0, dq ] is less than sq . Then after the replacement, the total idle room increase at
most sp − sq , which implies that the total idle room after the replacement is at most
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sp − sq + x < sp . If there is no replacement occurs before dq , then idle room in
interval (0, dq ] will not increase. If there is a replacements happens after job Jq in
the interval (0, dq ], we assume that the replacing job is Jr (sr , dr ) and its removed
job is Jr0 (s0r , d0r ), here dr ≥ dq , d0r ≤ dq . Note that s0r ≤ sp and the total room in

interval (0, dr ] at this time is less than s0r . It implies that whether the replacement

happens or not after Jq , the total idle room in the interval (0, dq ] of schedule sch is
bounded by sp . Then the lemma follows.

u
t

Theorem 6.1.6 Algorithm MDS produces an optimal solution for the problem
P
P |cubei, pi = 1| Ūi in O(n2 log n) time.
Proof.

Let sch be the final schedule produced by algorithm MDS.

Assume

d¯1 , . . . , d̄h to be the distinct due dates of lost jobs. A replacing job Ji is characterized by (ti , si , di , Ji0 ), where ti denotes the start time of job Ji in the schedule
sch, si and di denote the size and the due date of the job, respectively, Ji0 denotes
the job which is removed by job Ji . Now we partition the schedule sch into blocks
B(1), . . . , B(l) as follows:
• The first block B(1) = (0, d∗1]. Find the job Ji with largest due date of replacing

jobs in time interval (0, d̄1]. If there are no replacing jobs at all, then d∗1 = d¯1 .
Otherwise, find d∗1 that is the smallest number such that all replacing jobs (if
any) in (0, d∗1] have due dates at most d∗1 .

• Each further block B(k) = (d∗k−1, d∗k ]. If there is no replacing job with due

date between d∗k−1 and the smallest due date d¯j over all the lost jobs whose
due dates are greater than d∗k−1, then d∗k = d¯j . Otherwise, find d∗k that is the
smallest number such that all replacing jobs (if any) in (d∗k−1, d∗k ] have due
dates at most d∗k but larger than d∗k−1.

We will show the following properties for the blocks. For each block B(k), we
have no job in interval (0, d∗k ] with size larger than the smallest size of those lost
jobs in this block. The total idle space of interval (0, d∗k ] is less than the smallest
size of those lost jobs in block B(k). Then the theorem follows.
For each block B(k), we consider the following cases.
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Case 1. There is no replacing job in block B(k). Consider the lost jobs J¯i in this
block, then d¯i = d∗k by the rule of construction of block. Then there is no job in
interval (0, d∗k ] with size larger than s̄i , otherwise, job J¯i can replace the job with
larger size and shall have been accepted by the schedule sch. By Lemma 6.1.4, we
have the total idle of interval (0, d∗k ] in schedule sch is less than s̄i .
Case 2. There is at least one replacing job in block B(k). Assume J¯k1 , . . . , J¯kp to
be the rejected jobs in this block in the order of non-decreasing of due dates. Let
jobs Jk1 , . . . , Jkq be the replacing job in the order of non-decreasing of due dates and
jobs Jk0 1 , . . . , Jk0 q to be the removed job in the lost set in this block accordingly. Then
skq = d∗k . We have s0kq is at least the largest size of those early jobs in this block and
the total idle room of this block is at most s0kq by Lemma 6.1.5. In the following we
will show that the size of lost jobs in this block is at least s0kq . For any removed job
Jk0 j , 1 ≤ j ≤ q, there is at least one replacing job Jkw between tkj and dkj , then s0kj

is larger than s0kw . Continue this analysis, we find that s0kq is the smallest number.
Therefore we know all the removed jobs have size at least s0kq . For those rejected
jobs J¯kj , there is at least a replacing job Jw with tw < d¯kj , then s̄kj ≥ s0kj by the
algorithm. Hence all the rejected jobs have size at least s0kq .

In the following, we estimate the running time of algorithm MDS. Recall that
scheduling jobs as early as possible can be viewed as the First Fit algorithm and the
procedure of reassigning jobs can also be viewed as First Fit algorithm. Each jobs
may need a procedure to reassign jobs and the running time of First Fit algorithm is
bounded by O(n log n) [91]. Then algorithm MDS runs in time of O(n2 log n).
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Corollary 6.1.7 The common due date version of the problem P |cubei, pi = 1, di =
P
D| Ūi can be solved in O(n log n) time.
Proof. We only need to show that running time of algorithm MDS for this special
case. Because for the common due date version of the problem, the rescheduling job
procedure is not necessary. The running time is determined by First Fit algorithm
and sorting jobs. Both of them take at most O(n log n) time. Hence the running
time of algorithm MDS is O(n log n) time.
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Scheduling parallel jobs on two identical machines

In this section we study the problem of maximizing the throughput of parallel
jobs on two parallel identical machines. A set of unit processing time jobs J =
{J1 , J2 , . . . , Jn } are required to be scheduled on two parallel identical machines.
Each job requires one machine or two machines at the same time. Each job Jj is
associated with release date rj and due date dj . The release date rj is assumed to
be an integer. A job is called small if it requests only one machine for its processing,
P
otherwise, it is called big. The objective is to maximize the throughput
Ūi . A job
Ji is called early if it meets its due date di (Ūi = 1), and lost (Ūi = 0) otherwise.

A lost job will not be scheduled. The complexity of this problem was open (see the
web maintained by Brucker et al. [24]). In the following, we will present an optimal
algorithm with running time of O(n2).
Known results P 2|pj = 1, sizej |

P

Ūj was solved in O(n log n) time by Brucker
P
et al. [26]. In the same paper, the more general problem P m|pj = p, sizej | wj Ūj
P
was shown to be a polynomial problem, while the problem P |pj = 1, sizej | Ūj was
shown to be strongly NP-hard by Fishkin and Zhang [63]. If we consider the preceP
dence constraints between jobs, the problem P 2|prec, pj = 1, sizej | Ūj becomes
NP-hard [19].

For single machine model, the problem 1|rj , pj = p|

P

wj Ūj is polynomial time

solvable by Baptiste in [11]. Furthermore, for the non-parallel job models, the
P
problem P m|rj , pj = p| wj Ūj has been shown to be solved in polynomial time by
P
Bapstiste et al. [13]. P |pj = p| wj Ūj admits polynomially, since it can be regarded
P
as an assignment problem. P |rj , pj = 1| wj Ūj is also polynomially solvable, since
it can be reduced to a network flow problem.

For the other objectives, the problem P 2|rj , pj = 1, sizej |Cmax was shown to
be polynomially in [102,19]. The problems P m|rj , pj = p, sizej |Cmax , P m|rj , pj =
P
p, sizej | Cj and P m|pj = p, sizej |Lmax are easy problems too [12].
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Description of the algorithm

Our algorithm works as follows. The basic idea is to schedule small jobs first and
then insert big jobs into the schedule.
Algorithm SBR
1. Schedule small jobs: Schedule available small jobs as early as possible by
EDD (Earliest due date first) rule, in case of ties, take the one with the smallest
release time. If it fails, then this small job gets lost (will not be processed).
2. Schedule big jobs: Let BL be the set of big jobs. Let dmax (BL) = max {dj |j ∈ BL}.
Let T = dmax (BL).
(a) If T = 0, then go to Step Relocate.
(b) If T > 0 and during the time interval (T − 1, T ] both machines are idle,
assign the big job Jk with largest release time among the available jobs
to this time slot, if such a job exists. Denote A to be the set of jobs with
due date at least T and the jobs are not available during time slot T .
Then BL = BL − {Jk } − A.
(c) If T ≤ dmax (BL), then let T = T − 1, otherwise let T = dmax (BL). Go
to the Step Schedule big jobs (a).
3. Relocate: Denote SS to be the set of small jobs assigned in the current
schedule.
(a) If SS = ∅, the algorithm stops.
(b) Find job Jk in SS with largest completion time, then move it to a feasible
position as late as possible.Let SS = SS − Jk . Continue this move until
either no small jobs can be moved (in this case, the algorithm stops)
or a time slot in which both machines are idle appears. In the latter
case, assign the unscheduled big job with largest release time among the
available jobs if such a big job exists.
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Analysis of the algorithm

We will analyze the algorithm SBR and prove that the output of this algorithm
is optimal. The key point is that the number of small jobs accepted by algorithm
SBR is the largest one among all algorithms. In an optimal schedule, we assume
that it always takes the small job in a certain time slot if either a big job or a small
job can be accepted. We first show that there exists an optimal algorithm which
accepts the same small jobs as the algorithm SBR does. Then, we prove that the
number of big job accepted by algorithm SBR is maximum without dropping any
small job accepted in the first step of algorithm SBR. Then it follows that the
algorithm SBR is an optimal algorithm.
In the following, when we say a time slot t, it means that the time interval is
(t, t + 1].
Lemma 6.2.1 At any time t, the schedule produced by algorithm SBR accepts the
maximum number of small jobs in interval [0, t].
Proof. Note that the second and the third steps of the algorithm SBR do not add
or drop small jobs. Thus, we only need to consider the schedule after the first step
of the algorithm SBR. For any lost small job Jk , the due date of any job processed
between rk and dk in the schedule is at most dk . If all small jobs processed in (rk , dk ]
have release dates not less than rk , then no jobs can be scheduled earlier. Once k is
accepted, at least one job will get lost. If there is a job Jp with release date rp < rk ,
then both machines are busy during (rp , rk ]. Because small jobs are assigned as early
as possible, the small jobs assigned in (rp , rk ] have due dates at most dp . Continuous
the searching, we get an interval (I1 , dk ] in which both machines are busy and all the
small jobs have release dates of at least I1 and due dates of at most dk . It implies
that once Jk is accepted in this schedule, there is at least one small job will get lost.
The lemma follows.
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Lemma 6.2.2 There exists an optimal schedule which accepts the same small jobs
as the algorithm SBR does.
Proof. For any optimal schedule OPT, we do the following exchanges without
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reducing the number of early jobs. Let Ji be a small job which is accepted by
algorithm SBR but not in OPT. Assume that job Ji is scheduled at time ti in the
schedule by algorithm SBR. Then we just replace the big job or one of the small
jobs in the schedule OPT at time ti . Note that the number of early jobs does not
decrease in the schedule OPT. By Lemma 6.2.1 we know that the algorithm SBR
accepts the maximum number of small jobs. So, there exists an optimal schedule
that accepts the same small jobs as the algorithm SBR does.

u
t

Lemma 6.2.3 In the final schedule produced by the algorithm SBR, denote by
ti those time slots during which only one machine is busy. If we remove all the
small jobs which were moved across ti in the Relocate step, for some i, then no
additional small jobs (except those small jobs moved across ti+1 ) can be accepted in
each interval [ti , ti+1 ] without dropping a small job.
Proof. Consider the first such interval (0, t1 ] in the schedule produced by algorithm
SBR. Note that no small jobs scheduled in (0, t1 ] can be assigned later than t1 due
to the Relocate step in the algorithm SBR. Now we remove all the small jobs moved
across time point t1 . If there is no small job scheduled at time t1 in the first step,
then all the remaining small jobs in the schedule should have release times greater
than t1 . Thus, no small job still in the schedule could be moved to the interval (0, t1 ].
It is worthy to notice that if there are no small jobs moved across t1 , then the number
of small jobs accepted in this interval is the maximum due to Lemma 6.2.1. If there
is a small job Jk assigned in t1 during the third step of the algorithm (Relocate),
i.e., Jk was moved across t1 . Similarly, all the small jobs after t1 have release times
no less than t1 . The remaining case is that there is a small job Jq assigned in t1
and was reassigned after or at time t1 + 1. Assume that Jq is assigned at time T in
the final schedule. Then consider the small job Jw scheduled in the interval (t1 , T ].
Note that Jk was relocated at T . We see that dw ≤ T − 1 < dq , since Jw is scheduled
at (t1 , T ] originally. It implies that Jw can not be assigned before t1 . Obviously, the
small jobs after T has release time no less than T + 1, which shows that no small
jobs can be assigned to (0, t1 ]. So, all the small jobs scheduled after t1 can not be
moved forward to across t1 without changing the optimal value. Similarly, we can
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prove for any other time interval (ti , ti+1 ]. Thus, the lemma holds.
Theorem 6.2.4 The problem P 2|rj , pj = 1, sizej |
O(n2 ) time.

P
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Ūj can be solved optimally in

Proof. To prove this theorem, by Lemma 6.2.1, we only need to show the algorithm
SBR accepts the maximum number of big jobs. Let sch be the final schedule
produced by the algorithm SBR. We deal with the following two cases:
Case 1: At some time t, both machines are idle in sch. Obviously any big job Jl
which remains in the lost set can not be assigned at this time slot t. It implies that
the due date dl and the release time rl of the job Jl in the lost set must satisfy either
dl ≤ t or rl ≥ t + 1. Now assume that an optimal algorithm assigns one big job
at time t and accepts a certain big job Jb in the lost set together with all the big
jobs accepted in the schedule sch. There exists some big job in the schedule sch,
otherwise no big job can be accepted by any algorithm. Assume that a big job Js
is scheduled at time t in the optimal schedule. Without loss of generality, we can
assume that Jb is assigned to a position in the optimal schedule, while the position
is occupied by Js in the schedule sch, otherwise, Jb takes the position of Js after a
finite number of exchanges. If Js is scheduled after time t in the schedule sch. Then
rb ≤ rs ≤ t and db ≥ t + 1, it is a contradiction. If Js is assigned before t in the
schedule sch, it is also a contradiction from the third step of the algorithm SBR
that Js can not be schedule at time t.
Case 2: At some time t, at least one job Jk is processed in sch. So, if the schedule
sch accepts a big job in the lost set at time t, then Jk must be relocated away from
time t. According to Lemma 6.2.3, we know that at least a small job should be
rejected in the schedule sch, if we keep job Jk into the schedule sch.
P
Thus the problem P 2|rj , pj = 1, sizej | Ūj can be solved optimally. As for the

running time of the algorithm, it takes O(n log n) time for the first step and O(n2 )
time for the other two steps. Hence, the algorithm SBR runs in O(n2 ) time.
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Part II.
Scheduling of non-parallel jobs
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Chapter 7
On-line scheduling with
extendable working time
7.1

Introduction

We consider the following on-line scheduling problem with extendable working time:
there are m machines B1 , B2 , . . . , Bm with original regular working time b1 , b2 , . . . , bm ,
respectively. The original regular working time can be extended if needed. The (final) working time of a machine is defined to be the larger value between the original
regular working time and the total processing time of the jobs assigned to it. Jobs
{J1 , J2 , . . . , Jn } arrive over list, which are not known in advance. When an item Ji
arrives it must immediately and irrevocably be assigned to one of the machines and
the next job Ji+1 becomes known only after Ji has been assigned. The processing
time of job Ji is pi . The goal is to assign all the jobs to the machines such that the
total working time of the machines is minimized.
The regular working times of the machines can be seen as a given capacity, thus
this problem can be regarded as a bin packing problem: the machines correspond
to bins and the jobs to items. If the regular working times can be different, the
problem is a bin packing problem with unequal bin sizes.
Competitive ratios. An instance of the problem consists of a list of jobs and m
machines with original regular working times b1 , b2 , . . . , bm . Let B be the collection of
82
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regular working times, i.e., B = {b1 , b2 , · · · , bm }. For any instance L, let AL (m, B)
and OP TL(m, B) be the total working time of the machines used by an on-line
algorithm A and the total working time of the machines used by an optimal off-line
algorithm, respectively. Then the competitive ratio of algorithm A is
RA (m, B) = sup AL (m, B)/OP TL(m, B).
L

If the regular working times are identical, i.e., b1 = b2 = · · · = bm , the competitive
ratio is denoted as RA (m) (or RA in short). Further we define the overall competitive
ratios as follows.
RA (m, ·) = sup RA (m, B), RA = sup RA (m, B).
B

m,B

Known results The special case that all regular working times are equal to one,
i.e., the identical machines, has been extensively studied. It was proved that the
off-line version of the problem is NP-hard in the strong sense [39]. Actually, it can
be easily reduced from the 3-partition problem [67]. Dell’Olmo et al. [39] proved
that the worst-case ratio of the LP T algorithm is 13/12. If the number of the bins
is fixed, it follows from the results of [128] that there exists a fully polynomial time
approximation scheme. If m is not fixed, a polynomial time approximation scheme
was provided in [4]. Recently, Coffman and Lueker [34] presented a fully polynomial
time asymptotic approximation scheme. They also proved that the problem does
not admit a fully polynomial time approximation scheme unless P = NP, when m
is not fixed.
The on-line version was studied by Speranza and Tuza [122]. They showed that
the competitive ratio of a list scheduling heuristic is 5/4. Then a class of heuristics
Hx were presented which depend on a parameter x, 0 < x < 1, and tend to load
partially loaded bins until a limit total load of 1 + x is reached on the bin. For any
number of bins, the algorithm has an overall competitive ratio bounded above by
1.228. For the lower bound of the on-line problem, they showed that no heuristic
can have a competitive ratio smaller than 7/6 by presenting an instance for the case
that m = 2.
The extensible scheduling problem on machines with unequal regular working
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times, i.e. the extensible bin packing problem with unequal bin sizes, was first studied by Dell’Olmo and Speranza [40]. They considered both the off-line case and the
on-line case under the assumption that the maximum item size is not larger than the
√
minimum bin size. They showed an upper bound of 4 − 2 2 for an LP T algorithm
in the off-line case and an upper bound of 5/4 for a list scheduling algorithm LS in
the on-line case. The bound 5/4 is tight in terms of the overall competitive ratio,
i.e., RLS = 5/4.
A similar problem, called on-line bin stretching, was introduced by Azar and
Regev [6]. A set of bins of fixed sizes is given. Items arrive on-line while it is known
that there exists a valid packing of all items into the given bins. One is asked to pack
all items into the bins, which can be overloaded. The goal function is the stretch
factor, which is the maximum ratio for any bin between the size to which any bin
was stretched (the sum of all items assigned to it) and its original size. Azar and
Regev [6] studied the problem of identical bins, i.e. all original bins are of size 1.
Epstein [53] considered the two-bin case with unequal bin sizes.
Our results. Firstly, we study the problem on identical machines, i.e. all regular
working times are equal to one. We consider the on-line scheduling on a small
number of machines. We first prove lower bounds for m = 3 and m = 4, respectively.
Then we analyze algorithm Hx for m = 2, 3 and 4 and show that the competitive
ratios are 7/6, 11/9 and 19/16, respectively. For m = 2 the algorithm is best
possible. Finally, we provide an improved algorithm for m = 3, whose competitive
ratio is 7/6. It implies that the optimal on-line algorithm for m = 3 is at least as
good as the one for m = 2 in terms of competitive ratio.
Then we study the problem with unequal regular working times. Firstly we
assume, as in [40], that the largest processing time is at most the smallest regular
working time, i.e.,
n

m

i=1

j=1

max pi ≤ min bj .

(7.1)

We analyze the LS algorithm more carefully and prove the competitive ratios for
each m and each collection B of regular working times. The ratios differ for an
even number of machines and an odd number of machines. It also shows that the
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competitive ratio of LS for the identical machines is exactly 5/4 when m is even
and 5/4 − 1/(4m2 ) when m is odd. We then present an improved on-line algorithm
for m = 2 and m = 3. Finally we discuss the problem without the assumption (7.1).
A lower bound 6/5 for the overall competitive ratio is presented. We prove the
competitive ratio of LS for the two-machine case and present an improved on-line
algorithm.

7.2

On a small number of identical machines

In this section, we consider the extensible scheduling problem on identical machines,
i.e. all the regular working time are equal. Without loss of generality, the regular
working times are assumed to be 1. For any instance L, let A(L) and OP T (L) be the
total working time of the machines in the schedule generated by an on-line algorithm
A and the total working time of the machines in the schedule by an optimal off-line
algorithm, respectively.

7.2.1

Lower bounds

The total processing time of the jobs assigned to a machine is called the load of the
machine. If the load of a machine is less than 1, the machine is not completely full.
If its load is 1, the machine is full. If the load of a machine exceeds 1, the excess of
the machine is defined to be the difference between the load and 1. If the load of
a machine is at most 1, the machine has no excess or the excess of the machine is
zero.
In [122] a lower bound 7/6 for any on-line algorithms was given. The worst-case
instance was constructed for the case that m = 2. In the following we present lower
bounds for m = 3, 4.
Theorem 7.2.1 No on-line algorithms can have competitive ratios smaller than
√
(17 + 577)/36 > 41/36 for three machines.
Proof. Let f = (−19 +

√

577)/12. Note that 1/3 < f < 1/2 is the positive root

of equation 6x2 + 19x − 9 = 0. For any on-line algorithm A, consider the following
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instance L. The first two jobs J1 and J2 both have processing time f . If algorithm A
assigns J1 and J2 to different machines, two jobs with processing time 1 are coming.
Then A(L) ≥ 3 + f and OP T (L) = 3. It implies that RA ≥ 1 + f /3. If the first
two jobs go to the same machine, say Machine 1, the jobs J3 and J4 with processing
time (1 + f )/2 are coming. We consider three cases.
1. Algorithm A schedules J3 or J4 on Machine 1. In this case, A(L) ≥ 2 + 2f +
(1 + f )/2 and OP T (L) = 3. Hence, A(L)/OP T (L) ≥ (5 + 5f )/6 > 1 + f /3.
2. Algorithm A schedules J3 and J4 together on an empty machine, say Machine
2. In this case, A(L) = 3 + f and OP T (L) = 3. Hence, A(L)/OP T (L) =
1 + f /3.
3. Algorithm A schedules J3 and J4 on different machines (Machine 2 and Machine 3). Then a new job J5 with processing time 1 is coming. Note that
2f > (1 + f )/2. Wherever algorithm A assigns J5 , the total excess of the
three machines is at least (1 + f )/2, i.e., A(L) ≥ 3 + (1 + f )/2. However,
an optimal algorithm assigns J1 and J3 on a machine, J2 and J4 on a machine, and J5 on a machine. It follows that OP T (L) = 2 + 3f . Therefore,
A(L)/OP T (L) ≥ (7 + f )/(4 + 6f ) = 1 + f /3.
Then it is proved that for any on-line algorithm A, the competitive ratio RA ≥
√
1 + f /3 = (17 + 577)/36.
u
t
Theorem 7.2.2 No on-line algorithms can have competitive ratios smaller than
9/8 for four machines.
Proof. For any on-line algorithm A, consider the following instance L. The first
four jobs have processing time 1/4. After the assignment of the four jobs, let lmax
be the largest load among the machines. Note that lmax is either at most 1/2 or at
least 3/4.
1. lmax ≤ 1/2. In this case, the last three jobs with processing 1 are coming. The
total excess of the three machines which accept a job with processing time
1 is at least 1/2. Therefore, A(L) ≥ 4 + 1/2 and OP T (L) = 4. We have
A(L)/OP T (L) ≥ 9/8.
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2. lmax ≥ 3/4. In this case, four jobs with processing time 3/4 are coming. There
must be one machine with excess at least 1/2. Hence, A(L) ≥ 9/2. Since
OP T (L) = 4, we have A(L)/OP T (L) ≥ 9/8.
The theorem is thus proved.
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If the total processing time of the jobs in an instance L1 is less than m, the
number of machines, some machines are not completely full in the optimal schedule.
We can construct an instance L2 by adding some new jobs to L1 such that those
incompletely full machines become full (the total processing time of jobs assigned
is exactly 1). Note that OP T (L1) = OP T (L2) and A(L1 ) ≤ A(L2 ) for any on-line
algorithm A. Without loss of generality for proving upper bounds for proposed
algorithms, throughout this paper, we only consider those instances in which the
total processing time of jobs is at least m.

7.2.2

Competitive analysis of algorithm Hx

Speranza and Tuza [122] presented an approximation algorithm, called Hx , which
depends on a parameter x, 0 < x < 1. The algorithm Hx works as follows.

Algorithm Hx :
Assign the incoming job Ji to the machine with largest possible load such that after
the assignment of Ji to the machine, the load of the machine is at most 1 + x. If
there does not exist such a machine, the job is assigned to the machine with the
smallest load (ties broken in favor of the smallest index of machines).
In the following, we will analyze the algorithm Hx for a small number of machines.
We first present a lower bound for algorithm Hx . Then we prove that the competitive
ratio of algorithm Hx with some prespecified number x matches the lower bound,
and thus the value of x for the specific number of machines is the best.
The two-machine case
We will show that the competitive ratio of Hx for two machines is exactly 7/6, when
x = 1/3. Thus, it is a best possible on-line algorithm.
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Theorem 7.2.3 The competitive ratio of algorithm Hx for two machines is 7/6
when x = 1/3, and it is a best possible algorithm.
Proof. In the schedule produced by algorithm Hx for any instance L, let x1 and x2
be the loads of Machines 1 and 2, respectively. If both x1 and x2 are at most one, or
neither x1 nor x2 is less than one, the schedule is optimal. Without loss of generality,
we assume that x1 > 1 and x2 < 1. If x1 ≤ 1 + x = 4/3, then Hx (L)/OP T (L) ≤
(1 + 4/3)/2 = 7/6. Assume that x1 > 4/3. Let Ja , with processing time pa , be the
last job assigned to Machine 1. Clearly, x1 − pa ≤ x2 , otherwise Ja would have been
scheduled on Machine 2; and x1 − pa + x2 > 1 + x = 4/3, otherwise the jobs on two
machines would have been assigned together to one machine. We thus get x2 ≥ 2/3.
Then
Hx (L)/OP T (L) ≤ (x1 + 1)/(x1 + x2 )
≤ (x1 + 1)/(x1 + 2/3)
< (4/3 + 1)/2 = 7/6.
Since no heuristic can have competitive ratio smaller than 7/6 for two machines [122],
Hx is a best possible on-line algorithm for m = 2 by setting x = 1/3.

u
t

The three-machine case
We investigate algorithm Hx for the three-machine case.
Lemma 7.2.4 For any parameter 1 > x > 0, the competitive ratio of algorithm Hx
for three machines is at least 11/9.
Proof. If x ≤ 1/3, consider the following instance L: the job list is {J1 , J2 , J3 , J4 , J5 },
and the processing times are 1/3, 1/3, 2/3 + 1/N, 2/3 + 1/N, 1, respectively, where
N > 0 is a sufficiently large integer. In an optimal schedule, {J1 , J3 }, {J2 , J4 } and
{J5 } are assigned to a machine, respectively, whereas Hx will put J1 , J2 and J5 together into a machine, and assign J3 and J4 each to a machine. Thus, OP T (L) =
3 + 2/N and Hx (L) = 3 + 2/3, which follows that Hx (L)/OP T (L) → 11/9 as N
tends to infinity.
If x > 1/3, consider an instance L as follows. Let N > 0 be a sufficiently
large integer. The first N − 1 jobs are short jobs, each with processing time 1/N,
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which are followed by job JN with processing time x. Clearly, Hx will assign the
N jobs together in a machine. If x ≥ 1/2, the last two jobs JN +1 and JN +2 have
processing times 1 − 1/N and 1 − x, respectively. They are assigned to a machine.
Then Hx (L) = (1 − 1/N + x) + (1 − 1/N + 1 − x) + 1 = 4 − 2/N. However,
jobs JN and JN +2 can be scheduled on a machine; job JN +1 occupies a machine;
the first N − 1 short jobs go to a machine. Clearly OP T (L) = 3. As N tends to
infinity, Hx (L)/OP T (L) is arbitrarily close to 4/3. If x < 1/2, the last two jobs
have processing times 1 − 1/N and x, respectively, which are assigned by Hx to a
machine. Then Hx (L) = 2x − 2/N + 3. However, an optimal algorithm can arrange
the jobs such that the load of each machine is at most one. Hx (L)/OP T (L) tends
to (2x + 3)/3 > 11/9 as N is sufficiently large. Therefore, the competitive ratio of
Hx is at least 11/9 when x ≤ 1/3, at least (2x + 3)/3 when 1/3 < x < 1/2, and at
least 4/3 when x ≥ 1/2.
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By setting x = 1/3, we will prove that the competitive ratio of Hx is 11/9.
Theorem 7.2.5 The competitive ratio of algorithm Hx is 11/9 for three machines
when x = 1/3.
Proof. In the schedule produced by algorithm Hx for any instance L, let x1 , x2
and x3 be the total processing time of jobs in the three machines, respectively. For
i = 1, 2, 3, if all xi ≥ 1 or all xi ≤ 1, the schedule by algorithm Hx is optimal.
Case 1. Two xi ’s are less than 1. Without loss of generality, assume that x1 > 1
and x2 , x3 < 1. Hx (L) = x1 + 2 and OP T (L) ≥ x1 + x2 + x3 ≥ 3. If x1 ≤ 5/3, then
Hx (L) ≤ 5/3 + 2 = 11/3 and OP T (L) ≥ 3. It implies that Hx (L)/OP T (L) ≤ 11/9.
Now we assume that x1 > 5/3. By the algorithm, x2 + x3 > 4/3. Thus we have
Hx (L)/OP T (L) < (x1 + 2)/(x1 + 4/3) < 11/9.
Case 2. Only one xi is less than 1. Without loss of generality, we assume that
x3 < 1. Hx (L) = x1 + x2 + 1 and OP T (L) ≥ x1 + x2 + x3 ≥ 3. If x1 + x2 ≤ 8/3,
Hx (L)/OP T (L) ≤ (8/3 + 1)/3 = 11/9. Then we can assume that x1 + x2 > 8/3. If
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Hx (L)/OP T (L) ≤ (x1 + x2 + 1)/(x1 + x2 + x3 )
≤ (x1 + x2 + 1)/(x1 + x2 + 1/3)
< (8/3 + 1)/3 = 11/9.

In the following we will prove that x3 > 1/3. Since x1 + x2 > 8/3, one of x1 and
x2 is greater than 4/3. Assume that x1 > 4/3. Before the last job Jb of Machine 1
is assigned, the load of Machine 1 is greater than 1/3. By the algorithm, x3 > 1/3.
Otherwise, the job Jb should have been assigned to Machine 3.

u
t

Combining Lemma 7.2.4 and Theorem 7.2.5, we conclude that x = 1/3 is the
best choice for algorithm Hx for three machines and the tight bound of Hx is 11/9.
The four-machine case
Lemma 7.2.6 For any parameter 0 < x < 1, the competitive ratio of algorithm Hx
for four machines is at least 19/16.
Proof. If x < 1/2, consider an instance L, which consists of 7 jobs with processing
time 1/4, 1/4, 1/4, 3/4, 3/4, 3/4, 1, respectively. In the schedule by algorithm Hx , the
first three short jobs will be assigned together to a machine, and the three jobs with
processing time 3/4 each goes to a machine. Then the excess of a machine is 3/4 after
the last job is assigned. Therefore, Hx (L) = 4 + 3/4 = 19/4. However, in an optimal
schedule the machines have no excess. OP T (L) = 4. Thus, Hx (L)/OP T (L) =
19/16.
If x ≥ 1/2, the first N − 1 short jobs, each of which has processing time 1/N,
where N > 0 is a sufficiently large integer, are followed by a long job with processing
time x. Hx will assign the N jobs to one machine. The last two jobs have processing
times 1 − 1/N and x, respectively. They also go to a machine. Note that there are
two empty machines. Then Hx (L) = 4 + 2x − 2/N, while OP T (L) = 4. The ratio
reaches 1 + x/2 ≥ 5/4 as N tends to infinity.

u
t

In the following, we will prove that the competitive ratio of algorithm Hx can
reach the lower bound 19/16 by setting x = 1/4.
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Theorem 7.2.7 The competitive ratio of algorithm Hx for four machines is 19/16
when x = 1/4.
Proof. Similarly as the proof for m = 2, 3, in the schedule given by algorithm Hx for
any instance L, let xi be the total processing time of the jobs assigned to Machine
i, for i = 1, 2, 3, 4. If each xi is at most one or each xi is at least one, Hx produces
an optimal schedule.
Case 1. Three xi ’s are less than 1. Without loss of generality, assume that x1 > 1
and x2 , x3 , x4 < 1. Hx (L) = x1 +3 and OP T (L) ≥ x1 +x2 +x3 +x4 ≥ 4. If x1 ≤ 7/4,
Hx (L)/OP T (L) ≤ (7/4 + 3)/4 = 19/16. If x1 > 7/4, let the last job assigned to
Machine 1 be Jc with processing time pc . Obviously, x1 − pc > 3/4. Moreover, for
i = 2, 3, 4, x1 − pc ≤ xi , and then xi > 3/4. We have x2 + x3 + x4 > 9/4. Therefore,
Hx (L)/OP T (L) < (x1 + 3)/(x1 + 9/4)
< (7/4 + 3)/4 = 19/16.
Case 2. Two xi ’s are less than 1. Without loss of generality, assume that x3 , x4 < 1.
Hx (L) = x1 + x2 + 2 and OP T (L) ≥ x1 + x2 + x3 + x4 ≥ 4. If x1 + x2 ≤ 11/4, then
Hx (L)/OP T (L) ≤ (11/4 + 2)/4 = 19/16. Assume that x1 + x2 > 11/4. Note that
x3 + x4 > 5/4. We have
Hx (L)/OP T (L) < (x1 + x2 + 2)/(x1 + x2 + 5/4)
< (11/4 + 2)/4 = 19/16.
Case 3. Only one xi is less than 1. Assume that x4 < 1. Hx (L) = x1 +x2 +x3 +1 and
OP T (L) ≥ x1 + x2 + x3 + x4 ≥ 4. If x1 + x2 + x3 ≤ 3/4 + 3, then Hx (L)/OP T (L) ≤
(3/4 + 4)/4 = 19/16. Assume that x1 + x2 + x3 > 3/4 + 3 = 15/4. Clearly,
max{x1 , x2 , x3 } > 5/4. Without loss of generality, suppose that x1 > 5/4. Let Jd
be the last job assigned to Machine 1. Before Jd is assigned, the load of Machine 1
is greater than 1/4. Clearly x4 > 1/4. Otherwise, Jd cannot be assigned to Machine
1 but to Machine 4.
Hx (L)/OP T (L) < (x1 + x2 + x3 + 1)/(x1 + x2 + x3 + 1/4)
< (15/4 + 1)/4 = 19/16.
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By setting x = 1/4 the competitive ratio of algorithm Hx reaches the lower
bound 19/16, and thus x = 1/4 is the best choice for four machines.

u
t

We have proved the best algorithms among the class of algorithm Hx by setting
the parameter x. It is interesting to see that the competitive ratio (11/9) for three
machines is larger than that (19/16) for four machines. In the next section, we will
give an improved algorithm for three machines and prove the competitive ratio 7/6,
the same bound as Hx for two machines.

7.2.3

A new algorithm Aα for three machines

In this subsection we present an on-line algorithm characterized by the total excess
of all machines, we denote it by Aα , where α > 0 is a parameter.

Algorithm Aα :
The incoming job Ji with processing time pi is assigned to the smallest index machine, if the total excess of the machines is not greater than α; otherwise Ji is
assigned to the lowest index Machine j such that pi + lj ≤ 1, where lj is the current
workload of the j-th machine. If such a machine does not exist, assign Ji to the
machine with the smallest load, in case of ties, assign it to the machine with smallest
index.
Algorithm Aα differs from algorithm Hx in that Aα may allow more excess of
one machine but the total excess of the machines is controlled.
Lemma 7.2.8 The competitive ratio of algorithm Aα is at least 7/6 for three machines.
Proof. For any α > 0, consider the following instance L. The job list consists of
6 jobs with processing time 1/4, 1/4, 1/4, 3/4, 3/4, 3/4 respectively. Algorithm Aα
assigns the first three jobs to one machine. Whatever the value of α is, the total
excess of the three machines is at least 1/2 after the six jobs are assigned. Then
Aα (L)/OP T (L) ≥ (3 + 1/2)/3 = 7/6.

u
t

7.2. On a small number of identical machines

93

Theorem 7.2.9 The competitive ratio of algorithm Aα is 7/6 for three machines
by setting α = 1/2.
Proof. In the schedule given by algorithm Aα for any instance L, let yi be the total
processing time of the jobs assigned to Machine i (i = 1, 2, 3). Analogously, we only
consider the following two cases.
Case 1. yi > 1, 1 ≤ i ≤ 3, and yj < 1 for j = 1, 2, 3 and j 6= i. Aα (L) = yi + 2 and
OP T (L) ≥ y1 + y2 + y3 ≥ 3. If yi ≤ 3/2, then Aα (L)/OP T (L) ≤ (3/2 + 2)/3 = 7/6.
Assume that yi > 3/2. Let ph be the processing time of the last job Jh assigned to
Machine i. Let β = yi − ph , i.e., the load of Machine i immediately before job Jh is
assigned. If β ≥ 3/4, then yj ≥ 3/4, j 6= i. If β < 3/4, we have
• yj > 3/4, as j < i. Otherwise, the jobs on Machine i assigned before Jh should
go to Machine j since β + yj < 3/2;
• as j > i, any job on Machine j has processing time greater than 3/4 and then
yj > 3/4.
Thus, it is always true that yj ≥ 3/4, j 6= i. It follows that
Aα (L)/OP T (L) ≤ (yi + 2)/(yi + 3/2) ≤ 7/6.
Case 2. yi, yj ≥ 1 and yk < 1, 1 ≤ i, j, k ≤ 3, and j 6= i. Aα (L) = yi + yj + 1
and OP T (L) ≥ yi + yj + yk ≥ 3. If the total excess of the machines is not greater
than 1/2 then the theorem holds, since Aα (L)/OP T (L) ≤ (3 + 1/2)/3 = 7/6.
Now assume that yi + yj > 2 + 1/2 = 5/2. If yk ≥ 1/2, then Aα (L)/OP T (L) ≤
(yi + yj + 1)/(yi + yj + 1/2) < 7/6. In the following, we will prove that yk ≥ 1/2.
Let Jl be the job assigned to Machine i or j such that the total excess is over 1/2
after it is assigned. Before Jl is assigned, let the load of the machine (the one Jl
goes to) be u and let the load of Machine k be v. By the algorithm, u ≤ v. Clearly,
v > 1/2, otherwise, those jobs in the two machines at that moment must be assigned
together in a machine since the total processing time is not greater than 1. We thus
get yk ≥ v > 1/2. The proof is completed.

u
t

Before closing this section, we add a remark to the algorithms we have analyzed.
Observe that both algorithms Hx and Aα may assign a job to a machine whose load
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has already reached or exceeded one even if there exists a machine whose load is
less than one. Clearly, it is not wise to do so, since it will increase the excess of the
machines. We can simply modify the algorithms by putting the condition that if
the load of a machine is at least one, it is not assigned a job as far as there exists
some machine whose load is less than one. However, the modified algorithms can
not achieve a better competitive ratio, because the worst-case instances introduced
in the context still apply.

7.3

On machines of unequal regular working times

In this section, we study the extensible scheduling problem on machines with unequal
regular working times. Consider any algorithm A. During the execution of algorithm
A, if a machine Bj has a load (the total processing time of jobs assigned to it) is
over its original regular working time bj , Bj is called heavy; otherwise, it is called
light. The difference between the load and the working time bj is idle space if Bj is
light or excess if Bj is heavy.
Consider any instance L where

Pn

i=1

pi <

Pm

j=1 bj .

In an optimal packing there

must be some machines with idle space. Construct a new instance L0 by adding
new jobs such that no machines have idle space in the optimal packing without
changing the optimal value. Note that AL0 (m, B) ≥ AL (m, B) and OP TL0 (m, B) =
OP TL(m, B). Therefore,
AL (m, B)/OP TL (m, B) ≤ AL0 (m, B)/OP TL0 (m, B).
In instance L0 , the total processing time of jobs is at least the total original regular
working time of machines. It implies that we only need to consider the instances in
which the total processing time of jobs is at least the total original regular working time of machines to prove an upper bound. In the following, in proving the
competitive ratios we always assume
n
X
i=1

pi ≥

m
X
j=1

bj .

(7.2)
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Tight bound for a list scheduling algorithm

List Scheduling was introduced by Graham [72] for parallel machine scheduling.
The algorithm always schedules the current job to the machine with minimum load
at this time. Applying list scheduling to extensible scheduling on machines with
unequal regular working time may result in different versions. We first consider a
list scheduling algorithm, denoted by LS, which always assigns the incoming job
to the machine of largest idle space. Dell’Olmo and Speranza [40] proved that
RLS = 5/4. In this subsection we figure out RLS (m, B). Then we will show that a
different version of list scheduling, which always assigns the incoming item to the
machine with the least load (the total processing time of jobs in a machine), is not
as good as LS in terms of the overall competitive ratio.
Let bmin be the smallest regular working time in the collection B and let pmax
be the largest processing time. Under the assumption (7.1), we have pmax ≤ bmin .
Consider the packing given by algorithm LS. For each machine Bj , let lj be the
total processing time of the jobs it accommodates after the schedule is over. If Bj
is light, let sj be its idle space, i.e., sj = bj − lj . If Bj is heavy, let rj be its idle
space immediately before it becomes heavy, and ej be its excess, i.e., ej = lj − bj .
We re-index the machines so that the first k machines are heavy.
In proving an upper bound for algorithm LS we can assume, without loss of
generality, that a machine accepts no more jobs once it becomes heavy. Otherwise,
all machines are heavy and the scheduling is optimal.
Lemma 7.3.1 The competitive ratio of the list scheduling algorithm

 1 + mbmmin ,
if m is even,
4 j=1 bj
RLS (m, B) ≥
min
 1 + (m2 −1)b
, if m is odd.
4m m bj
j=1

Proof. Consider the following instances. If m is even, a large number of small
P
enough jobs are coming first. The total processing time of these jobs is m
j=1 bj −
mbmin /2 such that after assigning these jobs by LS, each machine has idle space

exactly bmin /2. Then m/2 jobs with processing time of bmin are coming. Clearly, the
P
Pm
optimal value is m
b
,
while
LS
generates
a
total
working
time
j
j=1
j=1 bj +mbmin /4.
Thus RLS (m, B) ≥ 1 +

4

mbmin
.
m
j=1 bj
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If m is odd, the instance is slightly different. A large number of small enough
P
jobs are coming first. The total processing time of them is m
j=1 bj − (m − 1)bmin /2,

so that after assigning these jobs each machine has idle space exactly

m−1
b .
2m min

Then (m − 1)/2 jobs with processing time bmin are coming. Clearly, the optimal
P
Pm
total working time is m
j=1 bj , while LS generates a total working time of
j=1 bj +
(m2 − 1)bmin /(4m). Thus RLS (m, B) ≥ 1 +

(m2 −1)bmin
.
4m m
j=1 bj

u
t

The lemma is proved.

Theorem 7.3.2 The competitive ratio of the list scheduling algorithm

 1 + mbmmin ,
if m is even,
4 j=1 bj
RLS (m, B) =
min
 1 + (m2 −1)b
, if m is odd.
4m m bj
j=1

Proof. We only need to prove that

 1+
RLS (m, B) ≤
 1+

mbmin
,
m
j=1 bj

if m is even,

(m2 −1)bmin
,
4m m
j=1 bj

if m is odd.

4

Consider any instance L(m, B) satisfying (7.2). By the algorithm LS, we know

that

Pk

j=1 rj

k

≥ min rj ≥
j=1,··· ,k

Then

k
X

(m − k)

j=1

max

j=k+1,··· ,m

rj ≥ k

sj ≥

m
X

Pm

j=k+1 sj

m−k

.

sj

(7.3)

j=k+1

From (7.2), we have
k
X
i=1

We add (m − k)

Pk

j=1 ej

(m − k)

ei ≥

m
X

sj .

(7.4)

j=k+1

to both sides of the inequality (7.3) and from (7.4), we get

k
X
j=1

(rj + ej ) ≥ k
≥ k

m
X

j=k+1
m
X

j=k+1
m
X

sj + (m − k)
sj + (m − k)

= m

k
X

ej

j=1
m
X

sj

j=k+1

sj .

j=k+1

It means that

Pm

j=k+1 sj ≤

(m−k)
m

Pk

j=1 (rj

RLS (m, B) ≤ (

n
X
i=1

+ ej ). Note that the competitive ratio

pi +

m
X

j=k+1

sj )/

n
X
i=1

pi .
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Then
RLS (m, B) ≤ 1 +

Pk
P
(m − k) kj=1 (rj + ej )
j=1 (rj + ej )
P
P
≤1+
.
m ni=1 pi
m m
j=1 bj

(m − k)

Since rj + ej ≤ pmax ≤ bmin , we obtain

RLS (m, B) ≤ 1 +

(m − k)kbmin
P
.
m m
j=1 bj

If m is even, then m2 − 4mk + 4k 2 = (m − 2k)2 ≥ 0 and (m − k)k/m2 ≤ 1/4. It
follows
mbmin
.
RLS (m, B) ≤ 1 + Pm
4 j=1 bj

If m is odd, then m2 − 4mk + 4k 2 = (m − 2k)2 ≥ 1 and (m − k)k ≤ 41 (m2 − 1). We
have
RLS (m, B) ≤ 1 +

(m2 − 1)bmin
P
.
4m m
j=1 bj

u
t

Corollary 7.3.3

 5,
4
RLS (m, B) ≤ RLS (m) =
 5−
4

if m is even,
1
,
4m2

if m is odd.

Moreover, RLS = 5/4.

u
t

Note that RLS (m, B) < RLS (m) if m ≥ 2 and bi 6= bj for some i, j. It means that
the competitive ratio becomes smaller if the regular working times are unequal.
Before closing this subsection, we consider a different version of list scheduling:
assign jobs to the machine of least load. Denote the algorithm as LS 0 . Consider
the following simple instance L for two machines. Let b1 = 2b2 and let ε > 0 be a
sufficiently small number. The first two jobs have processing time of b2 − ε, which

are followed by an job with processing time of ε/2. By algorithm LS 0 , after assigning
the first two jobs, each machine has a load of b2 − ε. If the 3rd job goes to the first
machine B1 , a job (the last one) with processing time of b2 comes, which is assigned
to B2 . If the 3rd job goes to the second machine B2 , then the 4th job has a processing
time of ε and the 5th job (the last one) has processing time of b2 . The 4th is assigned
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to B1 while the 5th is assigned to B2 . In both cases, LSL0 (2, B) = b1 + b2 + b2 − ε.
In an optimal packing, we can assign the last job to B2 and the others to B1 . Then
OP TL(2, B) = b1 + b2 , which shows that RLS 0 (2, B) → 4/3 as ε tends to zero. It
implies that RLS 0 ≥ 4/3.

7.3.2

The two- and three-machine cases

Assume that b1 ≥ b2 ≥ · · · ≥ bm ≥ pmax . In this section we consider the cases that
m = 2 and m = 3.
Algorithm Am (α): Assign the incoming job Ji to the lowest indexed machine, if
the total excess of the machine is not greater than α; otherwise assign Ji to the
machine of largest idle space.
In this algorithm α is a user-specified parameter. Choosing different parameters
results in different algorithms.
Lemma 7.3.4 For any parameter α > 0, the competitive ratio of algorithm A2 (α)
is at least 1 + b2 /(3(b1 + b2 )).
Proof. Let N be a sufficiently large integer. If α < b2 /3, consider an instance
L as follows. The first b(b1 − 2b2 /3)Nc jobs are small jobs, each with processing
time 1/N, which are followed by jobs J1 , J2 , J3 with processing time of b2 /3, 2b2 /3
and 2b2 /3, respectively. Clearly, A2 (α) assigns all the small jobs together with
J1 to machine B1 , and J2 to machine B2 . Thus no matter where J3 is assigned,
A2 (α)L (2, B) ≥ b1 + b2 + b2 /3 − 1/N. For an optimal solution, we can assign J1 and
J2 to B2 , and the remaining jobs to B1 . Thus OP TL(2, B) = b1 + b2 , which follows
that A2 (α)L(2, B)/OP TL(2, B) → 1 + b2 /(3(b1 + b2 )) as N goes to infinity.
If α ≥ b2 /3, consider the following instance L: the first b(b1 − 2b2 /3)Nc jobs
with processing time 1/N, are followed by job J1 with size b2 . So A2 (α)L (2, B) ≥
b1 + b2 /3 + b2 − 1/N. In an optimal packing, we assign J1 to B2 , and the remaining
jobs to B1 . OP TL(2, B) = b1 + b2 , which follows A2 (α)L (2, B)/OP TL(2, B) → 1 +
b2 /(3(b1 + b2 )) as N tends to infinity.

u
t

By setting α = b2 /3, we prove that the competitive ratio of A2 (α) is 1+b2 /(3(b1 +
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b2 )).
Theorem 7.3.5 The competitive ratio of A2 (α) is 1 + b2 /(3(b1 + b2 )) if α = b2 /3.
Moreover the overall competitive ratio is 7/6.
Proof. If both machines are light or both are heavy, the scheduling is optimal.
We only need to consider the case that exactly one machine is heavy. From the
assumption (7.2), we have M1 + M2 ≥ b1 + b2 , where Mi is the load of machine Bi ,
i = 1, 2.
Let α = b2 /3. Let T be the excess of the heavy machine and let X be the idle
space of the light machine. If T ≤ α, then RA2 (α) (2, B) ≤ (T + b1 + b2 )/(b1 + b2 ) ≤
1 + b2 /(3(b1 + b2 )). Now assume that T > α. We want to prove X ≤ α.
Case 1. B2 is light. X = b2 − M2 . Let Jn be the last job assigned to B1 ,
which makes the excess over α. B2 6= ∅ and before Jn is assigned B1 is light
and has an idle space at least X. Otherwise, an should have been assigned to B2 .
It implies that the processing time of the jobs in B2 is larger than X + α. Thus
X = b2 − M2 < b2 − (X + α). It follows that X < α.
Case 2. B1 is light. X = b1 − M1 . Before the last job is assigned to B2 , B2
is light and has an idle space at least X. The total processing time of jobs in
B2 before the last job is assigned is at most b2 − X. According to the algorithm,
b2 − X + M1 > b1 + α. It implies that X ≤ α.
In both cases we have RA2 (α) (2, B) ≤ (X + M1 + M2 )/(M1 + M2 ) ≤ 1 + b2 /(3(b1 +
b2 )). It is easy to verify that RA2 (α) (2, ·) = 7/6.

u
t

Since no on-line algorithm can have an overall competitive ratio less than 7/6
for two machines [40], A2 (α) is an optimal on-line algorithm for m = 2 in terms of
the overall competitive ratio, setting α = b2 /3.
We will show a lower bound for two bins under the assumption (7.1). Let b1 =
kb2 /3 + x, where 0 ≤ x < b2 /3 and k ≥ 3 (k is an integer).
Lemma 7.3.6 No on-line algorithm can achieve a competitive ratio smaller than

 1 + (b /3 − x)/(b + b ), if 0 ≤ x ≤ b /6;
2
1
2
2
R=
 1 + x/(b + b ),
if b /6 < x < b /3.
1

2

2

2
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Proof. Let A be any on-line algorithm. Consider the following instance L. The
jobs with processing time of b2 /3 come one by one until n(b2 ) = 2 or n(b1 ) = k − 1,
where n(bi ) is the number of jobs with processing time of b2 /3 placed into machine
Bi by algorithm A for i = 1, 2.
Case 1. n(b2 ) = 0, n(b1 ) = k −1. If 0 ≤ x ≤ b2 /6, the next two jobs have processing
time of 2b2 /3. Thus AL (2, B) ≥ b1 + b2 + b2 /3 − x.
If b2 /6 < x < b2 /3, the next job has processing time of x. If x goes to B1 , two
jobs with processing time of 2b2 /3 come. It follows that AL (2, B) ≥ b1 + b2 + b2 /3. If
x goes to B2 , a job with processing time of b2 comes. Then AL (2, B) ≥ b1 + b2 + x.
Case 2. n(b2 ) = 1, n(b1 ) = k − 1. The next job has processing time of b2 and then
AL (2, B) ≥ b1 + b2 + b2 /3.
Case 3. n(b2 ) = 2, n(b1 ) = p, where 0 ≤ p ≤ k − 1.
Subcase 3a) If p = k − 1, the next job has processing time of 2b2 /3 + x, and thus
AL (2, B) ≥ b1 + b2 + b2 /3.
Subcase 3b) If p = k − 2, we consider two subcases. If 0 ≤ x ≤ b2 /6, the next job
has processing time of x. If it is assigned to B1 , a job with processing time of b2
comes. Then AL (2, B) ≥ b1 + b2 + b2 /3. If it is assigned to B2 , a job with processing
time of b2 comes. So AL (2, B) ≥ b1 + b2 + b2 /3 − x. If b2 /6 < x < b2 /3, the next two
jobs have processing time of b2 /3 + x and 2b2 /3. So, AL (2, B) ≥ b1 + b2 + x.
Subcase 3c) If p = k − 3, the next two jobs have processing time of 2b2 /3 + x/2.
AL (2, B) ≥ b1 + b2 + b2 /3.
Subcase 3d) If p ≤ k − 4, let s = d(k − p)/3e-1. The next s jobs have processing
time of b2 . If one of such jobs is packed into B2 , then AL (2, B) ≥ b1 + b2 + 2b2 /3.
Otherwise, all the s jobs go to B1 . The idle space of B1 becomes (k − p)b2 /3 + x −
(d(k − p)/3e − 1)b2 , which is either b2 /3 + x or 2b2 /3 + x or b2 + x. Then it is reduced
to the above three subcases 3a) -3c).
Note that in any of the above cases, OP TL(2, B) = b1 + b2 . Thus, the lemma is
proved.
Lemma 7.3.6 shows that RA (2, B) ≥ 1 +

b2
6(b1 +b2 )

u
t
for any on-line algorithm A. It
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also shows that algorithm A2 (α) is optimal for the case that x = 0 (or b1 = kb2 /3
for some integer k), by setting α = b2 /3. Now we consider the three-bin case.
Lemma 7.3.7 For any parameter α > 0, the competitive ratio of algorithm A3 (α)
is at least 1 + b3 /(2(b1 + b2 + b3 )).
Proof. Let N be a sufficiently large integer. If α ≥ b3 /2, consider the following
instance L. The first bb1 N − 1c jobs with processing time of 1/N are followed by a
job of processing time b3 /2 + 1/N. Clearly, A3 (α)L (3, B) ≥ b1 + b2 + 3b3 /2 − 1/N
and OP TL(3, B) ≤ b1 + b2 + b3 + 1/N. It follows that A3 (α)L (3, B)/OP TL(3, B) →
1 + b3 /(2(b1 + b2 + b3 )) as N tends to infinity.
If α < b3 /2, consider the following instance L. bb1 N − 1c jobs with processing
time of 1/N are followed by job J1 with processing time of α + 1/N. Then b(b2 −
b3 /2)Nc + 1 jobs with processing time of 1/N are coming, which are followed by
the last two jobs J2 , J3 with processing time of b3 /2, b3 − α − 1/N, respectively.
Algorithm A3 (α) assigns the first bb1 N − 1c jobs together with J1 to B1 , b(b2 −
b3 /2)N + 1c jobs with processing time 1/N to B2 , and J2 and J3 to B3 . It shows
A3 (α)L (3, B) ≥ b1 + b2 + 3b3 /2 − 2/N. In an optimal packing, we can assign J1
and J3 to B3 , the first bb1 N − 1c jobs with processing time 1/N to B1 and the
remaining jobs to B2 . It follows that OP TL(3, B) ≤ b1 + b2 + b3 + 1/N. Then
A3 (α)L (3, B)/OP TL(3, B) → 1 + b3 /(2(b1 + b2 + b3 )), as N tends to infinity.

u
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In the following, we prove that the competitive ratio of algorithm A3 (α) can
reach the lower bound 1 + b3 /(2(b1 + b2 + b3 )) by setting α = b3 /2.
Theorem 7.3.8 The competitive ratio of the algorithm A3 (α) is 1 + b3 /(2(b1 + b2 +
b3 )) if α = b3 /2.
Proof. Let α = b3 /2. In the packing given by A3 (α), let Mi be the total processing
time of the jobs scheduled to machine Bi . If all the machines are heavy or all the
machines are light, the algorithm gives an optimal packing. Hence, we only need to
consider the following cases.
Case 1. Only one machine is heavy. If the excess of the heavy machine is at most
α, we can get the competitive ratio 1 + b3 /(2(b1 + b2 + b3 )) immediately. Before the
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last job of the heavy machine is assigned, all the three machines are light and the
heavy machine has the largest idle space at the moment.
Subcase 1a) B1 is heavy. Then M1 > b1 + α. Note that M2 + M3 > b2 + α. We have
RA3 (α) (3, B) ≤ (M1 + b2 + b3 )/(M1 + M2 + M3 )
= 1 + (b2 + b3 − M2 − M3 )/(M1 + M2 + M3 )
≤ 1 + b3 /(2(b1 + b2 + b3 ))
Subcase 1b) B2 is heavy. M2 > b2 + b3 /2 and M1 + M3 > b1 + b3 /2.
RA3 (α) (3, B) ≤ (M2 + b1 + b3 )/(M1 + M2 + M3 )
= 1 + (b1 + b3 − M1 − M3 )/(M1 + M2 + M3 )
≤ 1 + b3 /(2(M1 + M2 + M3 ))
≤ 1 + b3 /(2(b1 + b2 + b3 ))
Subcase 1c) B3 is heavy. M3 > b3 + b3 /2. Let X be the total idle space of M1 and
M2 . Then X = b1 + b2 − (M1 + M2 ). Let Y3 be the load in B3 before the last job is
assigned. Thus
b3 − Y3 ≥ b2 − M2 , b3 − Y3 ≥ b1 − M1 .
We have X = b1 + b2 − (M1 + M2 ) ≤ 2(b3 − Y3 ). On the other hand,
Y3 + M1 ≥ b1 + b3 /2, Y3 + M2 ≥ b2 + b3 /2.
We have X = b1 +b2 −(M1 +M2 ) ≤ 2Y3 −b3 . So, X ≤ min{2(b3 −Y3 ), 2Y3 −b3 } ≤ b3 /2.
Therefore,
RA3 (α) (3, B) ≤ (X + M1 + M2 + M3 )/(M1 + M2 + M3 )
≤ 1 + b3 /(2(b1 + b2 + b3 )).
Case 2. Only one machine is light. If the idle space X of the light machine is at most
α or the total excess of the two heavy bins is at most α, we have the competitive
ratio immediately. We only need to consider the case that X > α and the total
excess exceeds α. However, We will show that it is impossible. Before considering
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the following two cases, we assume that Mi > 0 for i = 1, 2, 3. Otherwise, the total
excess is at most α.
Subcase 2a) B3 is light. M3 = b3 − X < α = b3 /2. Let Yi be the load of Bi
immediately before it becomes heavy, for i = 1, 2. Then bi − Yi ≥ X; otherwise
the last item, which makes the total excess of B1 and B2 over α, would have been
assigned to machine B3 . Thus all the items in B3 should have been assigned to Bi
by the algorithm. It is a contradiction.
Subcase 2b) B3 is heavy. Recall that any processing time of job is at most b3 . There
are at least two jobs in B3 . Assume that Jk is the last job assigned to B3 . Those
jobs assigned to B3 have processing time at least X > b3 /2. Thus the idle space of
B3 before Jk is assigned is less than X, which means that Jk would have not been
assigned to B3 . It is a contradiction.

u
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From Theorems 7.3.5 and 7.3.8 we realize that the competitive ratio of algorithm
Am (α) for problem on machines with unequal regular working times is better than
that for identical machines.

7.3.3

Without the assumption on processing times

In this subsection, we will discuss the problem without the assumption (7.1) for the
two-machine case.
Lemma 7.3.9 Without the assumption (7.1), no deterministic on-line algorithms
can achieve an overall competitive ratio lower than 6/5 for two machines.
Proof. Let b1 = 3/2 and b2 = 1. The first job J1 has processing time of 1/2. If J1
is assigned to machine B2 , two jobs J2 , J3 with processing time of 1 are coming. If
J1 is assigned to machine B1 , item J2 with processing time of 3/2 is coming. For
both cases, the overall competitive ratio is at least 6/5.
Lemma 7.3.10 For any on-line algorithm A the competitive ratio



1 + (4b2 /3 − b1 )/(b1 + b2 ), if b1 ≤ 7b2 /6,


RA (2, B) ≥
1 + (b1 − b2 )/(b1 + b2 ),
if 7b2 /6 < b1 < 4b2 /3,



 1 + b /(3(b + b )),
if b1 ≥ 4b2 /3.
2
1
2
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Proof. Let A be any on-line algorithm. Consider first the case that b1 ≥ 4b2 /3 with
the following instance L. The first two jobs have processing time of b2 /3. If both
jobs go to B1 , the next job has processing time of b1 ; if both jobs go to B2 , two jobs
with processing time of 2b2 /3 and b1 − b2 /3, respectively, are coming; if the first two
jobs go to different machines, the next job has processing time of b1 . For any of the
above cases, AL (2, B) ≥ b1 + 4b2 /3 and the optimal value OP TL(2, B) = b1 + b2 . It
implies that the lemma is true.
Now turn to the case that b1 < 4b2 /3. Let b1 = b2 + x, where 0 ≤ x < b2 /3. The
lemma follows from Lemma 7.3.6 by setting k = 3.

u
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We consider on-line algorithms. Assume that all jobs have processing time of at
most b1 (b1 ≥ b2 ).
Theorem 7.3.11 The competitive ratio of the list scheduling algorithm LS for two
machines is 1 + min{b2 , b1 /2}/(b1 + b2 ).
Proof. We first show the upper bound. Without loss of generality, we consider the
case only one machine is heavy.
Case 1. b1 /2 ≥ b2 . Since the LS algorithm assigns jobs to the machine with
largest idle space. Recall that the total processing time of jobs is not less than
the total regular working time of machines, we get that the idle space is at most
P
P
b2 . Then, LSL (2, B) ≤
pi + b2 , OP TL(2, B) ≥
pi ≥ b1 + b2 , which implies
RLS (2, B) ≤ 1 + b2 /(b1 + b2 ).

Case 2. b1 /2 < b2 . Let X be the idle space and T be the excess. We only
consider the case that both X and T are greater than b1 /2. Otherwise, it follows
that RLS (2, B) ≤ 1 + b1 /(2(b1 + b2 )). Let pn be the processing time of the last job
assigned to the machine which has an excess over b1 /2. Recall that all jobs have
processing time of at most b1 . Let Yi be the load of machine Bi before the last job
is assigned. Then bi − Yi ≥ X > b1 /2, since pn ≤ b1 . It implies that either X or T
is at most b1 /2.
The following simple instance shows that the bound is tight. Consider three jobs
with processing times of min{b2 , b1 /2}, max{0, b2 − b1 /2}, and b1 , respectively. The
optimal value is b1 + b2 while LS costs b1 + b2 + min{b2 , b1 /2}.
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In the following, we present an on-line algorithm to improve the upper bound in
some cases.
Algorithm A2:
• If b1 ≤ 4b2 /3, apply algorithm A2 (α) by setting α = b2 /3;
• if 4b2 /3 < b1 ≤ 2b2 , apply A2 (α) by setting α = b1 − b2 ;
• if b1 > 2b2 , apply algorithm LS.
Theorem 7.3.12 The competitive ratio of algorithm A2 is



1 + b2 /(3(b1 + b2 )),
if b1 ≤ 4b2 /3,


RA2 (2, B) ≤
1 + (b1 − b2 )/(b1 + b2 ), if 4b2 /3 < b1 ≤ 2b2 ,



 1 + b /(b + b ),
if b1 > 2b2 .
2
1
2
Proof. Consider the following cases:

Case 1. b1 ≤ 4b2 /3. We use A2 (α), by setting α = b2 /3. The proof is similar as the
one of Theorem 7.3.5.
Case 2. 4b2 /3 < b1 ≤ 2b2 . We only need to consider the case that exactly one
machine is heavy, the excess of the heavy machine is over b1 − b2 , and the idle
space of the light machine is larger than b1 − b2 . However, we will show this case is
impossible. Before the last job Jn , which makes the excess over b1 − b2 , is assigned,
if B2 is empty, then the excess is at most b1 − b2 after assigning Jn . Assume that B2
is not empty before Jn is assigned. Note that B1 has an idle space larger than b1 − b2
before Jn is assigned. It means that the total processing time of jobs in B2 is more
than 2(b1 −b2 ). Then the idle space of machine B2 is at most b2 −2(b1 −b2 ) < (b1 −b2 ).
In this case Jn is assigned to B1 . B2 is a light machine and the idle space is less
than b1 − b2 . It is a contradiction.
Case 3. b1 > 2b2 . It follows from Theorem 7.3.11.

7.4

u
t

Note on parallel jobs

In this section we extend the model to parallel jobs scheduling. A short discussion
on the off-line version is given below.
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For any instance L, we are given m identical machines, each with a regular
working time of one. A set of jobs J = {J1 , J2 , . . . , Jn } are available. Each job Ji is
characterized by processing time pi , 0 < pi ≤ 1 and size (the number of requested
machines) si . The objective is to minimize the total working time of the machines.
Similarly as the case for non-parallel jobs, without loss of generality, we assume
P
that ni=1 pi ∗ si ≥ m, since, otherwise, there are some machines not completely full

in an optimal schedule and we can add some tiny jobs without changing the optimal
value such that all machines are full.
The extensible scheduling problem can be regarded as a strip packing problem.
Job Ji corresponds to a rectangle with width si and height pi . It needs to be packed
in a strip with width m and an infinite height.
We can apply the Steinberg’s algorithm [123] to our problem for packing all the
P
jobs into a rectangle with width m and height 2 ni=1 pi ∗ si . It is feasible to do
P
that by Lemma 3.2.1, since pi ≤ 1 and si ≤ m ≤ ni=1 pi ∗ si . Then we have the
following theorem.

Theorem 7.4.1 Using Steinberg’s algorithm, the worst-case ratio is at most 2.
Proof. Clearly the total working time of machines produced by Steinberg’s algoP
rithm is at most 2 ni=1 pi ∗ si . On the other hand, any optimal off-line algorithm can
P
not generate a schedule with total working time of machines less than ni=1 pi ∗ si .
Then the theorem follows.
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Chapter 8
On-line scheduling with partial
information
8.1

Introduction

In real-world situations, most scheduling problems occur neither as complete off-line
nor complete on-line models. Most likely, a problem arises as an on-line model with
some partial information. We will study in this chapter whether it can help or not
to get a better competitive ratio for the classical scheduling problem, in which jobs
require exactly one machine for processing, with some partial information.
In this chapter, we only consider the model where jobs arrive over list. The default objective function of any scheduling problem is makespan. For other objectives,
we will point it out explicitly.
Recently, there have been some results on semi on-line version [77,95,134], which
assume that different partial information is known in advance or given during the
scheduling. In the first paper on the worst-case analysis of scheduling heuristics,
Graham [72] showed that algorithm LS has a competitive ratio of 2 − 1/m, where m
is the number of machines. Faigle, Kern and Turan [54] proved that for m = 2 and 3,
LS is the best possible; in other words, no on-line algorithms can have competitive
ratio less than 2 − 1/m for m = 2 and m = 3.
In general, there are three rules associated with on-line scheduling:
(a) No information on future jobs;
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(b) a job must be assigned as it appears;
(c) an assigned job cannot be moved later.
If any of the three rules is violated, the problem will not be pure on-line and it is
called semi on-line. For semi on-line scheduling, a number of problems have been
studied (see [77,95,134]). Best possible semi on-line algorithms have been shown to
be better than LS for the two-machine case. There are three versions falling into
the class in which the on-line rule (a) is relaxed:
P1 : The total sum of job processing times is known in advance.
P2 : The longest processing time is known in advance.
P3 : All job processing times are in between p and rp (p > 0, r ≥ 1).
In the class in which the on-line rule (b) is violated, the following case has been
studied.
P4 : A buffer of length k is available to maintain k items. An incoming job can be
either arranged to a machine or put to the buffer temporarily if the buffer is
not full.
In addition, [95] considered a semi on-line problem which belongs to neither of the
above classes. Two parallel machines are available which assign each job independently to the partition sets. The best of the two produced solutions is chosen. We
denote this problem by P5 . Note that only the two-machine case was studied. Interestingly, except P3 , all other problems have a lower bound 4/3 which can be
reached by proposed algorithms. In particular, the best possible algorithm for P4
only needs a buffer of length one. For the problem P3 , LS is still the best possible
with competitive ratio (r + 1)/2 as 1 ≤ r ≤ 2 and 3/2 as r ≥ 2.
In this chapter we will consider a new semi on-line version in which a job list
will be ended by a longest job, in other words, the last job in the list is one with the
longest processing time. We denote this problem by LL (Longest Last). We wonder
if such an additional information would help us to find some algorithms with better
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competitive ratio than that of LS for two- and three-machine cases. This paper will
give an answer.
An adversary is called mute if he/she never says one word before the schedule
is completed; otherwise, the adversary may give some hints and he/she is called
suggestive.
Observation 8.1.1 For Problem LL, if the adversary is mute, LS is still the best
possible for m = 2 and 3, where m is the number of machines.
Proof. It is true because the instances in [54] still work.
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Thus we will concentrate on a case that the adversary is suggestive.
Assumption: At the same time the last job appears, the adversary will inform that
this is the last one.
Under this assumption, the scheduler knows if an incoming job is the last before assigning it. Throughout this paper the above assumption always holds when
Problem LL is mentioned. To design better algorithms, we must save some space
for the last job (with longest processing time), i.e., one machine should be reserved
in some way to accommodate the last job. This will be the main idea to design the
algorithms in the sections below.
Organization of this chapter The problem on two- and three- identical machines are studied in Section 8.2. Then we consider two uniform machines in Section 8.3. Section 8.4 focuses on the problem whose objective function is to maximize
the minimum completion time.

8.2
8.2.1

On two- and three- identical machines cases
The two-machine case

Lemma 8.2.1 There does not exist any on-line algorithm with competitive ratio
√
less than 2 for Problem LL when m = 2.
Proof. Consider any heuristic H with the following instances. The first two jobs
have processing times 1. If H assigns the two jobs to different machines, the last
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job with processing time 2 comes. In this case H produces a makespan 3 while the
optimal makespan is 2. Then the ratio of the makespans reaches 3/2. If H puts the
two jobs together to a machine, say Machine 1, then the 3rd job with processing
√
time 2 arrives. We have two cases below.
Case 1. H puts the 3rd job to Machine 1. In this case, the current workload of
√
Machine 1 is 2 + 2, while Machine 2 is empty. The last job with processing time
√
√
√
√
2 comes. Then CH ≥ 2 + 2 while C ∗ = 1 + 2. Thus CH /C ∗ ≥ 2.
Case 2. H puts the 3rd job to Machine 2. In this case, the current workload of
√
Machine 1 is 2, while Machine 2 has a length 2. The last job with processing time
√
√
√
√
2 + 2 comes. Then CH ≥ 2 + 2 2 while C ∗ = 2 + 2. Thus CH /C ∗ ≥ 2.
The proof of this lemma is complete.
In the following we will provide an on-line algorithm with competitive ratio

√

u
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2.

We denote jobs and their processing times by Ji and pi (i = 1, 2, . . .), respectively.
Let Mj (i) denote the workload of Machine j immediately before the job Ji is assigned, for i = 1, 2, . . ., and j = 1, 2.
Algorithm A1
Step 0. Let i = 1.
Step 1. If Ji is the last job arrange it to Machine 2 and stop. Otherwise, go to Step
2.
√
Step 2. If M2 (i) + pi > ( 2 − 1)(M1 (i) + pi ), assign Ji to Machine 1; otherwise
assign it to Machine 2. Let i = i + 1, go to Step 1.
Observation 8.2.2 In the schedule produced by algorithm A1 , M1 (i) ≥

√

2M2 (i)

holds for 1 ≤ i ≤ n, where n is the number of jobs.
Proof. Note that M1 (1) = M2 (1) = 0. We can assume that i ≥ 2. Let Jt be
the last job assigned to Machine 2 at the moment. From the algorithm, we have
√
M2 (i) ≤ ( 2 − 1)(M1 (i) + pt ), where pt is the processing time of Jt . Note that
pt ≤ M2 (i). Thus

√
M2 (i) ≤ ( 2 − 1)(M1 (i) + M2 (i)).

(8.1)
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√
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2M2 (i).

Theorem 8.2.3 Algorithm A1 is a best possible algorithm for Problem LL when
m = 2.
Proof. We only need to prove that RA1 ≤

√

2. Let y be the processing time of the

last job Jn . Then the makespan CA1 produced by A1 is max{M1 (n), M2 (n) + y}.
Consider the following two cases.
Case 1. CA1 = M1 (n). Let x be the processing time of the last job assigned to
√
Machine 1. From algorithm A1 , we have M2 (n) + x > ( 2 − 1)M1 (n) (otherwise this
job would have been scheduled on Machine 2). Since Jn is a job with the longest
processing time, y ≥ x. We get
√
√
C ∗ ≥ (M1 (n)+M2 (n)+y)/2 ≥ (M1 (n)+M2 (n)+x)/2 ≥ ( 2/2)M1 (n) = ( 2/2)CA1 ,
which implies that CA1 /C ∗ ≤

√

2.

Case 2. CA1 = M2 (n) + y. If M2 (n) = 0, C ∗ = CA1 = y. If M2 (n) > 0, let z be the
processing time of the last job assigned to Machine 2 immediately before Jn . Note
that (8.1) holds. If y ≥ M1 (n) + M2 (n),
CA1 /C ∗ ≤ (M2 (n) + y)/y = 1 + M2 (n)/y ≤ 1 + M2 (n)/(M1 (n) + M2 (n)) ≤

√

2.

Now assume that y < M1 (n) + M2 (n).
CA1 /C ∗ ≤ 2(M2 (n) + y)/(M1 (n) + M2 (n) + y)
= 2 − 2M1 (n)/(M1 (n) + M2 (n) + y)
≤ 2 − M1 (n)/(M1 (n) + M2 (n))
√
≤
2.
By Lemma 8.2.1, A1 is a best possible on-line algorithm.

8.2.2
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The three-machine case

For three machines, we first consider the following instance. Two jobs with processing time 1 appear first. If the two jobs are assigned together to a machine, the 3rd
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job with the same processing time comes and it is claimed to be the last. Then the
produced makespan is twice that the optimal makespan. If the two jobs are assigned
to different machines, then two jobs with processing time 2 arrive one by one and
the fourth is the last. In this case, it will result in a makespan no better than 3
while the optimal value is just 2. Hence the following lemma holds.
Lemma 8.2.4 There does not exist any on-line algorithm with competitive ratio
less than 3/2 for Problem LL when m = 3.
For the three-machine case, different from the two-machine case, a very simple
algorithm is proved to be best possible.
Algorithm LSw (List Scheduling with a waiting machine)
Step 0. Set Machine 3 to be a waiting machine.
Step 1. If the incoming job is the last job, arrange it to Machine 3 and stop.
Step 2. Arrange the incoming job to the one of Machines 1 and 2 with less workload
at the moment.
Note that algorithm LSw applies LS to all but the last job with two machines
and schedules the last (the longest) job on the 3rd machine (the waiting machine).
Theorem 8.2.5 The worst-case ratio of algorithm LSw is not greater than 3/2.
Moreover, it is a best possible on-line algorithm.
Proof. Let Mi be the workloads of the three machines in the schedule produced by
algorithm LSw. Observe that the difference between M1 and M2 is not greater than
the processing time of the last job, i.e., not greater than M3 . If the makespan CLSw
of the schedule is M3 , then it is optimal. Without loss of generality, assume that the
makespan is determined by M1 , i.e., CLSw = M1 . Then, C ∗ ≥ (M1 + M2 + M3 )/3 ≥
2M1 /3. It implies that CLSw /C ∗ ≤ 3/2.

8.3
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On two uniform machines

In this section, we deal with the problem on two uniform machines. Denote by 1/s
(s ≥ 1) the speed of the slow machine. Without loss of generality, the speed of fast
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machine is 1. s is called speed ratio. If a job J with processing time p is scheduled
on a machine with speed α, then it needs time of p/α to complete.
We denote jobs and their processing times by Jt and pt (t = 0, 1, 2, . . .), respectively. Let Mi (t) denote the workload of Machine i immediately after the job Jt
is assigned, for t = 0, 1, 2, . . ., and i = 1, 2. Machine 1 is the slow machine and
Machine 2 is the fast machine. Denote by CA and C ∗ the values of the solutions of
an algorithm A and optimal algorithm, respectively. Our objective is to minimize
the makespan.

8.3.1

Lower bounds

Lemma 8.3.1 For any semi on-line algorithm A, no deterministic algorithm can
have competitive ratio lower than



1 + 1/s,




 (1 + √3)/2,
R=
p


1/2
+
1/4 + 1/s,




 s,

if s ≥ 1 +

√

3;

if 2 ≤ s < 1 +

√

3;

if 1.46557 < s < 2;
if 1 < s ≤ 1.46557.

Proof. We prove the lemma with the following cases.
√
Case a. s ≥ 1 + 3. We start with the job J1 of processing time 1. If J1 is
scheduled on the fast machine M2 , then the last job of size s arrives. Clearly,
CA = min{s2 , 1 + s} = 1 + s and C ∗ = s. If J2 is scheduled on the slow machine
√
M1 , the last job is of size 1. We have C ∗ = 2 and CA = s. Since s ≥ 1 + 3, we get

s2 − 2s − 2 ≥ 0, or equivalently, 1 + 1/s ≤ s/2. Therefore, RA ≥ 1 + 1/s.
√
√
2 −s+ 3s
Case b. 1 + 3 > s ≥ 2. Let x = s2+2s−s
In this case, 2 + 2s − s2 > 0
2 .

and 2x > s. Again, we start with first job of size 1. Note that if the first job
goes to the fast machine M2 , then the last job of size s arrives, which implies that
√
RA ≥ 1 + 1/s ≥ (1 + 3)/2. Now assume that it goes to the slow machine M1 .
Then next job of size x comes. If it goes to the slow machine too, then the last job
is of size x. Clearly CA = s + sx while C ∗ = 2x. If it goes to the fast machine, then
the last job is of size xs + s. We have C ∗ = xs + s and CA = xs + s + x, from the
definition of x. Thus, RA = 1 +

x
.
s(x+1)

It is easy to see that 1 +

x
s(x+1)

=

√
1+ 3
.
2
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Case c. β ≈ 1.46557 < s < 2, where β ≈ 1.46557 is a solution of the inequality of

s3 − s2 − 1 > 0. If the first job goes to the fast machine, then the last job has size of

s. Thus, in this case we always have RA ≥ min{s, 1 + 1/s}. Consider now the case
√
that the first job is assigned on the slow machine M1 . Let x = (s + s2 + 4s)/2.
If the second job of size x is assigned to the slow machine, then the last job is of
size x. Since xs > 1 + x, we have C ∗ = xs. CA = s + xs, thus, RA ≥ 1 + 1/s. If
the second job goes to the fast machine, the last job of size s + xs comes. Clearly,
C ∗ = s + xs and CA = x + s + xs. Since s + s(x + xs) > x + s + xs and x > 1/(s − 1),

we only need to show s3 − s − 1 > 0. It holds clearly, since s3 > s2 + 1 > s + 1.
√
p
s2 +4s+s
=
=
1/2
+
1/4 + 1/s < s.
Thus, RA = x+s+xs
s+xs
2s

Case d. 1 < s ≤ β ≈ 1.46577, where β is a solution of inequality s3 ≤ s2 + 1. If

the first job of size one is assigned to the fast machine, the next (also the last) job
is of size s. We have RA = min{s, 1 + 1/s}. Assume that the first job goes to the
slow machine. The second job has size of x, where x =

√

5s2 +2s+1+2s2 −s−1
.
2(2+s−s2 )

From

s3 ≤ s2 + 1, we get that xs ≤ 1 + x. It is clear that 2 + s − s2 > 0 when s < 2. If
the second job is scheduled on the slow machine, the last job with size of x arrives.
CA = s(1 + x) and C ∗ = max{xs, 1 + x} = 1 + x. It implies that RA ≥ s. If the
second job is assigned on the fast machine, the last job with size xs + s appears.
x
C ∗ = xs + s. CA = min{x+ xs + s, s + s(s + xs)} = x+ s + xs. Then RA = 1 + s(1+x)
.

Since x ≤ 1/(s − 1) and s3 ≤ s2 + 1, we have RA ≥ s.

8.3.2
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Upper bounds

In this subsection, we will present algorithms for this semi on-line problem, which
depend on the value of s. We first consider a naive algorithm which only uses the
fast machine.
Theorem 8.3.2 The competitive ratio is at most 1 + 1/s.
Proof. By scheduling all the jobs to the fast machine, CA =

Pn

pi , where pi is
P
the processing time of job Ji . On the other hand, (1 + 1/s)C ∗ ≥ ni=1 pi = CA .
Then the theorem follows.

i=1

u
t
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For s < 2, we present an improved algorithm below. Let α(s) =
Then sα(s) < 1 as s < 2. Let β(s) =

√
−(s+1)+ 5s2 +2s+1
.
2s

α(s)
.
1−sα(s)

Algorithm Aα (s):
Step 0. Let j = 0.
Step 1. If the next job Jj+1 is the last job, assign it to Machine 2 and stop. Otherwise,
go to Step 2.
Step 2. If M2 (j) + pj+1 > α(s)(M1 (j) + spj+1 ), assign Jj+1 to Machine 1; otherwise
assign it to Machine 2. Let j = j + 1, go to Step 1.
Observation 8.3.3 In the schedule produced by algorithm Aα (s), M2 (j) ≤ β(s)M1 (j)
holds for 0 ≤ j ≤ n − 1, where n is the number of jobs.
Proof. Since M1 (0) = M2 (0) = 0, the property holds in the beginning of the
sequence. Therefore we can assume that j ≥ 1. As long as Machine 2 does not
receive jobs, the property is true. Let Jt be the last job assigned to Machine 2 at
a given moment (after the arrival of j jobs). From the algorithm, we have M2 (t −
1) + pt ≤ α(s)(M1 (t − 1) + spt ), since Jt was assigned to Machine 2. Note that
pt ≤ M2 (t) = M2 (j), and the load of machine 1 is non-decreasing in time. Thus
M2 (j) = M2 (t) = M2 (t − 1) + pt ≤ α(s)(M1 (t − 1) + spt ) ≤ α(s)(M1 (j) + sM2 (j)).
(8.2)
Since sα(s) < 1, so we have M2 (j) ≤

α(s)
M1 (j).
1−sα(s)

u
t

Obviously, Observation 8.3.3 still holds for M1 (j) and M2 (j) when s < 2.
Theorem 8.3.4 The competitive ratio of algorithm Aα (s) is at most R(s) =

√
s−1+ 5s2 +2s+1
2s

1 + α.
Proof. Let y be the processing time of the last job Jn . Then the cost of the
algorithm CAα(s) is max{M1 (n) = M1 (n − 1), M2 (n) = M2 (n − 1) + y}. Consider
the following two cases.
Case 1. CAα (s) = M1 (n − 1). Let x be the processing time of the last job
assigned to Machine 1, and t its index. From the algorithm, we have M2 (n−1)+x ≥

=
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M2 (t − 1) + x > α(s)M1 (t − 1) = M1 (n − 1) (otherwise this job would have been
scheduled on Machine 2). Since Jn is a job with the longest processing time, y ≥ x.
We get α(s)M1 (n − 1) < M2 (n − 1) + y. Then
M1 (n − 1)/s + M2 (n − 1) + y
1 + 1/s
M1 (n − 1) + s(M2 (n − 1) + y)
=
s+1
1 + sα(s)
(M1 (n − 1))
≥
s+1

C∗ ≥

Then RAα (s) =

CAα (s)
C∗

≤

s+1
1+sα(s)

=

√
s−1+ 5s2 +2s+1
.
2s

Case 1. CAα (s) = M2 (n − 1) + y. If y ≥ M1 (n − 1) + sM2 (n − 1), then
M2 (n − 1) + y
y
= 1 + M2 (n − 1)/y
M2 (n − 1)
≤ 1+
M1 (n − 1) + sM2 (n − 1)
M2 (n − 1)
= 1+
sM2 (n − 1) + 1−sα(s)
M2 (n − 1)
α(s)

RAα (s) ≤

= 1 + α(s).

Now we consider the case that y < M1 (n − 1) + sM2 (n − 1). Then
RAα (s) ≤
=
≤
=
≤

M2 (n − 1) + y
(1 + 1/s)
M2 (n − 1) + y + M1 (n − 1)/s
(1 + 1/s)M1 (n − 1)/s
1 + 1/s −
M1 (n − 1)/s + M2 (n − 1) + y
(1 + 1/s)M1 (n − 1)/s
1 + 1/s −
s(1/s + 1)M2 (n − 1) + (1/s + 1)M1 (n − 1)
M1 (n − 1)/s
1 + 1/s −
sM2 (n − 1) + M1 (n − 1)
M1 (n − 1)/s
1 + 1/s −
α(s)
(s 1−sα(s) + 1)M1 (n − 1)

= 1 + 1/s −

1 − sα(s)
s

= 1 + α(s).
u
t
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It is easy to see that R(s) < 1 + 1/s when s ≤ 2. Thus the algorithm Aα (s)
√
improves the upper bound. It is worthy to note that when s ≥ 1 + 3, we have
presented a best possible algorithm. Algorithm Aα (s) is also optimal for identical
machines, i.e. when s = 1.

8.4

Maximizing the minimum completion time on
two uniform machines

In this section we deal with the objective maximizing the minimum completion time
on two uniform machines.
We denote jobs and their processing times by Jt and pt (t = 0, 1, 2, . . .), respectively. Let Mi (t) denote the workload of Machine i immediately after the job Jt is
assigned, for t = 0, 1, 2, . . ., and i = 1, 2. Denote by 1/s (s ≥ 1) the speed of the
slow machine, without loss of generality, the speed of fast machine is 1. Machine 1
is the slow machine and Machine 2 is the fast machine. Denote by CA and C ∗ the
values of the solutions of an algorithm A and optimal algorithm, respectively. Our
objective is to maximize the minimum completion time. Let R(s) =

√
3s+1+ 5s2 +2s+1
.
2s+2

We show that nearly for every value of s, R(s) is the exact competitive ratio for the
speed ratio s.

8.4.1

Upper bound

To define and analyze the algorithm, we use two auxiliary functions of s, α(s)
and β(s). Let α(s) =

√

5s2 +2s+1−(s+1)
,
2s2

and let β(s) =

α(s)
.
1−sα(s)

Note that α(s)

is the positive solution of s2 α(s)2 + (s + 1)α(s) − 1 = 0, which is equivalent to
(1 + sα(s))/(α(s)(s + 1)) = (1)/(1 − sα(s)). The above choice of α(s) give the value
R(s) to those two expressions. Using simple algebra, it is possible to show that
0 < α(s) < 1/(s + 1) and 0 < β(s) < 1. We are now ready to present the algorithm.
Algorithm T M(s)
Step 0. Let j = 0.
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Step 1. If the next job Jj+1 is the last job, assign it to Machine 2 and stop. Otherwise,
go to Step 2.
Step 2. If M2 (j) + pj+1 > α(s)(M1 (j) + spj+1 ), assign Jj+1 to Machine 1; otherwise
assign it to Machine 2. Let j = j + 1, go to Step 1.
Note that Observation 8.3.3 is still valid for algorithm T M(s).
Theorem 8.4.1 The competitive ratio of algorithm T M(s) is at most R(s) =
√
3s+1+ 5s2 +2s+1
.
2s+2

Proof. Let y be the processing time of the last job Jn . Then the cost of the
algorithm CT M is min{M1 (n) = M1 (n − 1), M2 (n) = M2 (n − 1) + y}. Consider the
following two cases.
Case 1. CT M = M2 (n − 1) + y. Since M1 (n) ≥ M2 (n), machine 1 is non-empty. Let
x be the processing time of the last job assigned to Machine 1, and t its index. From
the algorithm, we have M2 (n − 1) + x ≥ M2 (t − 1) + x > α(s)M1 (t − 1) = M1 (n − 1)
(otherwise this job would have been scheduled on Machine 2). Since Jn is a job with
the longest processing time, y ≥ x. We get M1 (n − 1) <

1
(M2 (n
α(s)

− 1) + y), then

M1 (n − 1)/s + M2 (n − 1) + y
1 + 1/s
M1 (n − 1) + s(M2 (n − 1) + y)
=
s+1
1/α(s) + s
≤
(M2 (n − 1) + y)
s+1 √
3s + 1 + 5s2 + 2s + 1
CT M
=
2s + 2

C∗ ≤

Case 2. CT M = M1 (n − 1). If y ≥ M1 (n − 1) + sM2 (n − 1),


α(s)
∗
C = M1 (n − 1) + sM2 (n − 1) ≤
1+s
M1 (n − 1) =
1 − sα(s)
√
1
3s + 1 + 5s2 + 2s + 1
CT M =
CT M .
1 − sα(s)
2s + 2
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Now assume that y < M1 (n − 1) + sM2 (n − 1).
C∗ ≤
≤
=
≤
=

M1 (n − 1)/s + M2 (n − 1) + y
1 + 1/s
M1 (n − 1)/s + M2 (n − 1) + M1 (n − 1) + sM2 (n − 1)
1 + 1/s
M1 (n − 1) + sM2 (n − 1)
1
M1 (n − 1)
1 − sα(s)
√
3s + 1 + 5s2 + 2s + 1
CT M .
2s + 2
u
t

8.4.2

Lower bound

In this subsection, we give instances to show a lower bound which matches the upper
bound we have given in the previous subsection for almost every value of s.
√

2

5s +2s+1
Lemma 8.4.2 For any on-line algorithm A, the competitive ratio RA ≥ 3s+1+2s+2
,
√
√
when s > (9 + 5 5)/2 or 1 ≤ s ≤ 2 + 2 2. Otherwise, the competitive ratio is at

least 2.
Proof. To prove the lemma we consider three cases s = 1,1 < s < 2 and s ≥ 2. The
first case can be combined into the second, we give it separately to avoid confusion
when referring to “the fast machine” and “the slow machine”. Since the sequence
must notify which job is last, we specify it where necessary. If not specified, it means
the job is not last.
Case a: s = 1. We need to show a lower bound of 1 +

√

2/2. The first two jobs

have processing time 1.
sub-case a.1 They are assigned to different machines. Then the last job which
has processing time 2 arrives. C ∗ = 2, CA = 1. Thus RA ≥ 2.
sub-case a.2 They are assigned to the same machine, without loss of generality,
√
assume it is M1 . The next job with processing time x = 2 arrives.
sub-case a.2.1 It is assigned to M1 , then the last job has processing time x. We
√
know that C ∗ = x + 1 and CA = x. Thus RA ≥ x+1
= 1 + 2/2.
x
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sub-case a.2.2 It is assigned to M2 , we add a last job of processing time 2 + x.
√
Clearly C ∗ = 2 + x and CA ≤ 2. Which implies that RA ≥ 2+x
= 1 + 2/2.
2
Case b. 1 < s ≤ 2. We start with a job of size p0 = 1. We use a similar pattern for
both cases (each cases relates to the machine where the first job is assigned). We
use a parameter 0 < z < 1 (the value of z depends on the machine which received
the first job). For k = 1, · · · , K + 1, we give the jobs pk = z(1 + z)k−1 . Clearly,

the sum of all jobs up to job j, is (1 + z)j . After this sequence we give another last
job of size PK+2 = PK+1 . The total sum of jobs is SK = (2z + 1)(z + 1)K . Note
that the last job is indeed the largest since starting the third job, the sequence is
non-decreasing. We would like to show that if K is large enough, then the optimal
schedule is almost balanced. We start with the following claim.
Claim 8.4.3 Given the set U = {1, z, z(1 + z), · · · , z(1 + z)j } = {p0 , · · · , pj+1}.
Given a number y such that y ∈ [0, (1 + z)j+1 ] (i.e. y is positive and smaller or equal
than the sum of all elements in U), then we can choose a subset of W , W ⊆ U such
P
that |y −
pi | ≤ 1.
i∈W

Proof. By induction. If j = 0, then y ∈ [0, · · · , 1 + z] and the possible sums are
{0, z, 1, 1+z}. The large gap between two consecutive elements is max{z, 1−z} ≤ 1,
therefore it is possible to choose the required subset. Given j > 0, we choose
the subset in the following way. If y ≥ z(1 + z)j , we choose z(1 + z)j and set
y 0 = y − z(1 + z)j , we get 0 ≤ y 0 ≤ (1 + z)j . Otherwise we do not choose z(1 + z)j

and set y 0 = y. In both cases we can continue using the inductive hypothesis for

j − 1. Note that in the second case y = y 0 < z(1 + z)j ≤ (1 + z)j since z ≤ 1.

u
t

Next we show how to use this claim to get a convenient off-line schedule.
Claim 8.4.4 Given some ε > 0, it is always possible to choose K such that we
can always assign the jobs p1 , . . . , pK+2 such that the following is satisfied. SK /(1 +
1/s) ≤ C ∗ (1 + ε). I.e. the schedule is almost flat.
Proof. In a flat schedule, the loads both machines would be SK /(1 + 1/s). We
always assign the last job to the fast machine. The amount that the fast machine
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still needs to achieve a flat schedule is
s(2z + 1)(z + 1)K
SK
− z(z + 1)K
−
P
=
K+2
s+1
(1 + 1s )


s(2z + 1)
K
−z
= (z + 1)
s+1
(z + 1)K (zs + s − z)
=
.
s+1
This value is positive since z ≤ 1 < s. Also since SK /(1 + 1/s) − PK+2 ≤ (z + 1)K+1,
the difference satisfies that conditions of the previous claim, and there exists a subset
of jobs we can add to the fast machine getting load of at least SK /(1 + 1/s) − 1
and at most SK /(1 + 1/s) + 1. This means that the load of the slow machine which
receives all other jobs is at least SK /(1 + 1/s) − s and at most SK /(1 + 1/s) + s.

We get C ∗ ≥ SK /(1 + 1/s) − s. Since SK can be arbitrarily large, we choose K such
that SK ≥ (s + 1)(1 + 1/ε).

u
t

We can proceed with the proof now. If the first job is assigned to the fast machine
we use z(s) = R(s)/s − 1, where R(s) =

√
3s+1+ 5s2 +2s+1
.
2s+2

Since s < R(s) < s + 1 for

the case s < 2. We get that sz(s) = R(s) − s, so 0 < z(s) ≤ sz(s) < 1.
Choose ε and let K be an integer satisfying claim 8.4.4. We give the jobs. If
some job pj+1 is assigned to the slow machine it has the load sz(1 + z)j , and the
load in the fast machine is (1 + z)j . Thus we stop the sequence and give the last job
of size s(1 + z)j+1 (Clearly this is the largest job, since it is larger than the sum of
all previous jobs). Since C ∗ = s(1 + z)j+1 , and CA = (1 + z)j (using sz < 1), which
gives the competitive ratio s(1 + z) = R.
Upon arrival of job K + 2 we have C ∗ ≥ SK /(1 + 1/s)/(1 + ε). We get a load

of sz(1 + z)K < (1 + z)K on the slow machine, and (z + 1)K+1 on the fast. So, the
ratio RA =

C∗
CA

≥

We get RA =

2z+1
/(1 + ε).
z(s+1)
2R/s−1
2R−s
= (s+1)(R−s)
.
(s+1)(R/s−1)

In the following, we will show that RA ≥

R. This is equivalent to showing 2R − s ≥ (s + 1)(R − s)R = R2 (s + 1) − s(s + 1)R.

From the definition of R. We get 2R − s ≥ (3s + 1)R − s − s(s + 1)R, this gives
2R − s ≥ R(−s2 + 2s + 1) − s or R(s2 − 2s + 1) ≥ 0 which clearly holds.

If the first job is assigned to the slow machine we use z(s) = R(s) − 1, Since
s < R(s) < 2 for the case s < 2. We get that 0 < z(s) < 1 < s.
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Choose ε and let K be an integer satisfying claim 8.4.4. We give the jobs. If
some job pj+1 is assigned to the fast machine it has the load z(1 + z)j , and the load
of the slow machine is s(1 + z)j . Thus we stop the sequence and give a last job of
size s(1 + z)j+1 Since C ∗ = s(1 + z)j+1 , and CA = s(1 + z)j (using z < s), which
give the competitive ratio 1 + z(s) = R(s).
After the arrival of job K + 2 we have C ∗ ≥ SK /(1 + 1/s)/(1 + ε). We get a load

of z(1 + z)K on the fast machine, and s(z + 1)K+1 on the slow one. So, the ratio
RA =

C∗
CA

s(2z+1)
/(1 + ε).
z(s+1)
s(2R−1)
RA = (s+1)(R−1)

≥

We get

= R(s) due to the definition of R(s) as the solution of

(s + 1)R2 − (3s + 1)R + s = 0.
√
√
Case c. 2 < s ≤ 2 + 2 2 and s > (9 + 5 5)/2. We consider the following instance:
given the sequence of jobs {J1 , J2 , J3 , J4 } with size of {1, z, x(1 + z), x(1 + z)},
respectively. Where x = R(s) − 1, again let R(s) =

√
3s+1+ 5s2 +2s+1
.
2s+2

note that R(s) is a non-decreasing function of s. 2 ≤ R(s) ≤ (3 +

√

It is worthy to
5)/2 in the case

that s ≥ 2. For simplicity, we use R instead of R(s) without cause any confuse. The
value of z depends on s,

z=





2x+1
,
s−2x
s+1
2R−1

√
if 2 < s ≤ 2 + 2 2;
√
− 1, if s > (9 + 5 5)/2.

In the following we will prove that z ≥ x in this case. Firstly, we consider 2 < s ≤
√
2R−1
2 + 2 2. z = 2x+1
= s+2−2R
. s + 2 − 2R > 0, since s3 ≥ 3s + 2 if s ≥ 2. In order to
s−2x

show z ≥ R − 1 = x, we only need to show that 2R − 1 ≥ s(R − 1) − 2(R − 1)2, which
√
1
1
is equivalent to s ≤ 2(R − 1) + R−1
+ 2. It holds clearly, since 2R + R−1
≥ 2 + 2 2.
√
Now we consider s > (9 + 5 5)/2. From the definition of R, (s + 1)R2 − (3s +
s+1
2R−1

−1 =

s
R(R−1)

− 1. In order to show z ≥ x = R − 1, we
√
only need to prove that s ≥ 2R2 − R − 1. This clearly holds, since R ≤ (3 + 5)/2,
√
then 2R2 − R − 1 ≤ (9 + 5 5)/2.

1)R + s = 0, we have z =

We can proceed the proof of this case now. We start with job J1 of size 1.
Case c.1. J1 goes to M2 . Then the next job is claimed to be the last job of size s.
We have C ∗ = s and CA = 1, thus RA ≥

C∗
CA

= s > R, when s < 2.

Case c.2. J1 goes to M1 . The next job J2 of size z comes.
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Case c.2.1 J2 goes to M2 . Then the next job of size s(1 + z) is claimed
to be the last job. We have C ∗ = s(1 + z), CA = max {s, z}. Thus RA ≥
max {1 + z, s + s/z} ≥ R, from z ≥ x = R − 1.
Case c.2.2 J2 goes to M1 . Then next job J3 of size x(1 + z) comes.
Case c.2.2.1 J3 goes to M2 . Then the last job of size s(1 + z) + sx(1 + z) comes.
Clearly, C ∗ = s(1 + z) + sx(1 + z) and CA = s(1 + z), since s ≥ R > x. Thus
RA ≥ 1 + x = R.
Case c.2.2.2 J3 goes to M1 . The last job of size x(1 + z) comes. Clearly,
CA = x(1 + z). Now we consider the optimal value C ∗ . In the case 2 < s ≤
√
2 + 2 2, assign job J2 of size z to slow machine, and all the other jobs to fast
machine. Then C ∗ = min {sz, 1 + 2x(1 + z)}, from the definition of z =
have sz = 1 + sx(1 + z). Then RA =

sz
x(1+z)

=

s(2x+1)
.
x(s+1)

2x+1
,
s−2x

we

Note that s(2x + 1) =

(s − 1)x + s + x(s + 1). From the definition of x, (s + 1)x2 − (s − 1)x − s = 0,
s(2x+1) = (s+1)x2 +x(s+1) = (1+x)x(s+1). Then RA = s(2x+1)
= 1+x = R. Now
x(s+1)
√
we consider the optimal value C ∗ in the case s > (9 + 5 5)/2. Just assign the first
job of size 1 to slow machine and all the other jobs to the fast machine. Therefore,
C ∗ = min {s, 2x(1 + z) + z}. From the definition of z, we have s = 2x(1 + z) + z.
Then, RA =

s
x(1+z)

=

s
(R−1)(1+s/(R(R−1))−1)

= R.

√
√
Case d. 2 + 2 2 < s ≤ (9 + 5 5)/2. In this case we only give an instance to show
that RA ≥ 2. We start with a job of size 1. If it goes to M2 , then the last job of size
s comes. RA ≥ s ≥ R(s). Assume the first job is assigned to M1 , the next job is
also of size 1. If the second job is assigned to M1 , then the last job of size 1 appears.
Thus CA = 1 and C ∗ = min {2, s} = 2, RA ≥ 2. If the second job is assigned to M2 ,

then the last job is of size 2s. Clearly, CA = s and C ∗ = 2s. Then RA ≥ 2.
u
t
√
√
For s > (9 + 5 5)/2 or 1 ≤ s ≤ 2 + 2 2, the algorithm T M(s) is a best possible

on-line algorithm.

Chapter 9
Conclusions
In this chapter, we summarize in Section 9.1 the results presented in this thesis.
Some open problems and future research are given in Section 9.2.

9.1

Summary of our results

In this thesis we have studied on-line scheduling of parallel jobs on specific network
topologies. In Chapter 3, the UET job systems with dependencies on 2-dimensional
mesh were considered to minimize the makespan. The dependencies between jobs are
unknown to the on-line scheduler. Thus, the jobs appear in an order depending on
what strategies the scheduler used to assign the current available jobs. We showed a
lower bound of 3.859 and presented a 5.25-competitive algorithm. It has significantly
improved the previous known lower bound of 3.25 and the previous known upper
bound of 46/7. We also considered the rotated 2-dimensional mesh, in which the
rotation of 900 of jobs is feasible. A lower bound 3.535 was proved and an on-line
algorithm with competitive ratio of at most 4.25 was derived (see Table 9.1).
Table 9.1: Bounds for P | on-line-prec, 2-d mesh, pj = 1|Cmax .
rotation

lower bound

upper bound

No

3.859

5.25

Y es

3.535

4.25
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In Chapter 4, we dealt with the problem of on-line parallel jobs scheduling on
PRAM. Jobs arrive over list, i.e., jobs appear one by one in an arbitrary order.
The scheduler must schedule the incoming job upon its arrival without any knowledge about future jobs. Once a decision has been made (a job is scheduled) it
is not allowed to change later. We showed that the waiting strategy is necessary.
The proposed algorithm DW (Dynamic Waiting) classifies the jobs and decides the
waiting time (if needed) based on the current schedule. Then we proved that the
competitive ratio of the algorithm DW is exactly 7. Then we turned to some special cases. Firstly, we studied the case that jobs arrive in non-increasing order of
processing times. The algorithm Greedy with competitive ratio of at most 2 was
presented. Next, we analyzed the algorithm Greedy for the case that jobs arrive
in non-increasing order of job size. It was proven that the competitive ratio is in
between 2.75 and 2.5. Moreover, we considered the problem where the longest processing time of jobs is known in advance. An on-line algorithm with competitive
ratio of 4 was presented. Finally, we considered the problem allowing preemption.
The processing of a job can be interrupted in any time and can resume later. However, a preemptive schedule for the incoming job must be made before the next job
appears. We presented a semi greedy algorithm with competitive ratio of 2 − 1/m.
The algorithm works also for the line network topology, and the bound remains true.
In Chapter 5, we studied the malleable parallel jobs scheduling problem, in which,
the processing time of a job is a function of the number of machines allotted to
it. The number of machines to execute the parallel job is not fixed but must be
determined before execution, and it does not change until the completion of the
job. We explored the monotonic variant of malleable parallel jobs scheduling on
a 2-dimensional mesh. For the case when the number of machines is sufficiently
large, an asymptotic fully polynomial time approximation scheme (AFPTAS) was
provided.
In Chapter 6, we focused on the objective maximizing the throughput. The
problem of scheduling n independent parallel jobs on hypercubes were investigated.
A parallel job is required to be scheduled on a subcube of machines. All jobs
are available at the beginning. Each job is associated with a due date. The general
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problem where the job processing times are arbitrary is obviously NP-hard. Then we
provided an optimal polynomial algorithm for the unit processing time job system.
We also considered scheduling parallel jobs on two identical machines, where each
job has a release time and a due date. An optimal polynomial algorithm for the
unit processing time job system was also devised.
We then addressed some extended models on classical scheduling, where one job
can be processed by exactly one machine. In Chapter 7, we explored the scheduling
problem on parallel machines with extendable working times. The on-line algorithm
Hx , designed by Speranza and Tuza [122], was carefully analyzed for m = 2, 3, 4.
The best choices of parameter x were determined and the competitive ratios were
shown. It implied that Hx is a best possible on-line algorithm for two machines. A
new algorithm Aα was proved to have a competitive ratio of 7/6, which is better
than Hx for three machines. Unfortunately, algorithm Aα does not work for m > 3.
√
For m = 3 and 4, we presented a lower bound (17 + 577)/36 and 9/8, respectively
(see Table 9.2).
We paid much attention to the more general case that the machines have different
regular working times. Under the assumption (7.1), we analyzed the LS algorithm
more carefully and proved the competitive ratios for each m and each collection B
of regular working times. The ratios differ for an even number of machines and an
odd number of machines. It also showed that the competitive ratio of LS for the
identical machines is exactly 5/4 when m is even and 5/4 − 1/(4m2 ) when m is
odd (See Table 9.3). We then presented an improved on-line algorithm for m = 2
and m = 3. We also discussed the problem without the assumption (7.1). A lower
bound 6/5 for the overall competitive ratio is presented. We proved the competitive
ratio of algorithm LS for the two-machine case and presented an improved on-line
algorithm. Finally, we studied a variant for parallel jobs, in which jobs may require
more than one machine simultaneously. We considered the off-line version of this
problem and showed an upper bound of 2.
In Chapter 8, we studied the classical scheduling problem where some partial information is known beforehand. Jobs arrive one by one, as classical on-line scheduling. However, it is known that the last job has the longest processing time (but
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Table 9.2: Bounds for extendable scheduling on small number of machines
m

tight bound of Hx

2

7/6

3

11/9

4

19/16

(17 +

lower bound

upper bound of Aα

7/6

7/6

√

577)/36 ≈ 41/36

7/6

9/8

Table 9.3: Bounds of list scheduling for unequal extendable scheduling
m

competitive ratio

m is even

1+

m is odd

1+

4

overall competitive ratio

mbmin
m
j=1 bj

5/4

(m2 −1)bmin
4m m
j=1 bj

5/4 −

1
4m2

the exact value is not available before it arrives). The on-line scheduler will also
be informed when the last job arrives. We presented optimal on-line algorithms
√
for m = 2 and 3 whose competitive ratios are 2 and 3/2, respectively. Then
we considered two uniform machines, where the machines have different speeds.
On-line algorithms were developed depending on the speed ratio s, which are optimal for many s. Finally, we explored the problem to maximize the minimum
completion time on two uniform machines. The competitive ratios are best possible excluding one interval of s. Table 9.4 and Table 9.5 list the results, where
√
√
R(s) = (3s + 1 + 5s2 + 2s + 1)/(2s + 2), R0 (s) = (s − 1 + 5s2 + 2s + 10)/(2s).
Table 9.4: Bounds for two uniform machines, Min-max
speed s

√

Lower bound

s≥1+ 3
√
1+ 3>s≥2

1 + 1/s
√
(1 + 3)/2
p
2 > s ≥ 1.46557 1/2 + 1/4 + 1/s
1.46557 > s > 1
s=1

s
√
2

Upper bound
1 + 1/s
1 + 1/s
R0 (s)
R0 (s)
√
2
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Table 9.5: Bounds for two uniform machines, Max-min
speed s
√

s > (9 + 5 5)/2
√
√
(9 + 5 5)/2 ≥ s > (2 + 2 2)
√
1 ≤ s ≤ (2 + 2 2)

9.2

Lower bound

Upper bound

R(s)

R(s)

2

R(s)

R(s)

R(s)

Open problems and future research

Not surprisingly, there are plenty of open problems arising from our research, in
particular in dealing with on-line scheduling of parallel jobs under various network
topologies.
It is significant to explore on-line schedule of parallel jobs with dependencies on
2-dimensional mesh while the processing times of jobs are arbitrary. It is still open
whether or not this problem allows a constant competitive ratio.
There is still a big gap between the lower bound and the upper bound of the
on-line parallel jobs scheduling problem where jobs arrive over list. It is a challenge
to improve them and extend the problem to other network topologies, such as line,
2-dimensional mesh, hypercube and so on. The open field in on-line parallel jobs
scheduling is to investigate the cases that partial information about the input is
known. We are concerned with more realistic situations where some partial information on the uncertainties would be available. The problem is how to effectively
utilize the partial, but valuable, information to achieve a better schedule. It is also
interesting to improve the bounds in the case that preemption is allowed.
There are also many open questions in the extendable scheduling problem. Although we have proved that the algorithm A2 (α) is optimal in terms of the overall
competitive ratio, it is still open to find a best possible on-line algorithm for two
machines in terms of the competitive ratio. It is interesting to design an algorithm
with a competitive ratio better than algorithm LS for any number of machines. The
problem without the assumption (7.1) becomes more difficult. We only proved the
competitive ratio of LS for the two-machine case. Any improvement on the lower
bounds is also of interest.
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